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Abstract. In t his ar t icle we study th e equiJibrium of polytro pes in a po loidal 

magnetic field. We see that the magneti c field is the solution of a non horn o

gen eous Euler eq uation for whi ch we write t hc ge ne ral solut ion . It depends on 

th c La ne-Emden fu nction . So we dctermined the exact solu tion for n = 0, l. 

1'0 st ud y th e relation between t he magn et ic and t he po lytropic ind ex wc use 

the first ord cr Pade approxirnants for t hc La nc-Emden fu nc t ion . 
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1. INTRODUCTION 

The detection of t.he magnetic field at th e stella r surface (see Babcock , 1958) 

raised the question of its ro le in t.he equi libr ium of the star . Ear lier, Chandrasekhar 

and Fermi (1953) found , using t he virial theorern , that. t hcr e is a maximum valuc 

for the magneti c field above whi ch the equilibrium is lest . Thc mcasured valu cs 

are below it, so the stars ar e in equilibr ium . But , t he prob lem of thc distributiou 

of the magnetic field in the star rais es a quite cornplicated mathernatica l problern. 

An analytical solution of t he problem cou ld be found only il' we make sorne sup

plernentary hypothesis . Wc shal l presurne, bas ed on the photometric obse rva t ions 

(Borra and Landstreet , 1980), t hat al. the stellar sur face the m agnet ic field can he 

approxirnated by a dipole with th e center in t he center of t he star and so the field 

is weak and has an ax ia l syrnmct ry. We a lso consider that th c star is a complete 

po lytrope with a given po lytropic index n. In th is case to obt.ain i.hc distribution o f' 

th e magnet ic field in t he star wc hav e to so lve a sing ular St urrn- Liou ville prob lcm 

(see Roxb urgh , 1966). But in t. he particula r case of the po loidal magnet ic field (sec 

th e decomposition proposed by l.iist and Schliit er , 19G4) , t hc prob lcm ca n bc easily 

solv ed , be cause it yields a nonhomogeneo us Eu ler equat ion . I Ls gen eral so lut ion 
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will depend on th e Lane-Emdcn function. We will see th at t he Iirst or der Pad c 

approx irnants, proposed by Pascual (1977) , provide us a good approximation of th e 

problem arid its analyt ic form allows us a qualitative interpret ati on . 

The equilib rium of a polytrope in a magnetic poloidal ficld was stuclied by 

Mon agh an (1965) . He found the differential equat ion that provid cs the m agneti c 

field, solved it numerically for differ ent polytropi c indices and discussed t he infiu 

cnce of th e polyt ropic ind ex n on th e distribu t ion of the magnet ic ficld . Further , 

we will show that Mon aghan 's differential equation for th e poloidal m agnetic field 

is equivalent to an Euler equation a nd write its gene ra l solut ion. T he Lan e- Emden 

funct ion pr esen t in this gener al solution will be substituted by it s first ord er Pade 

approximants (Pascual, 1977) , fact that permits us a com parison between this so

lu t ion an d a numerical on e. 

2. BASle EQUATIONS 

'1'0 dcsc ri be th e eq ui libr ium in a poloidal magneti c field we will use t he equa

tion of the hydr omagn eti c eq uilibr ium , t he Poisson equation, the Arn per e law , the 

magnetic monopole equat ion and the poly tropi c relation , respccti vely : 

VP = _ V</J + jx H, (1) 
fi cp 

V 2 </J =411'Gp , (2) 

411' . 
curlH = - J, (3)

C 

divH =O , (1) 

(5) 

in wh ich th e notations a re usual . Supposing that th e st a r lias axial symmetry and 

usin g th e sphe rical coordinates (r,e,</J) with r = Oin the cente r of t he star and () = O, 

the sym met ry axis, we obtain th at :</J = O. Having in minti thc rcpresent.ation of 

the general solut ion of (4) (see Chandrasekhar , 1961) and t he simp lificat ions d ue to 

t he hypothesis ofaxial symmetry and poloidal magneti c field , we will obtai n t ha t 

H = tn ., Ho,O), with: 

1 aSH =_l_ oS Ho= --- (6)
r r2 sin () (}() r sin () or . 
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Taking curl of equation (1) and us ing (3) we will obtain: 

H X CUrlH) O cur 1 ( = , (7) 
p 

relation that will be used further to express the dependence of the magnetic field 

on the radius . We shall assume, in the first approximation, that the magnetic field 

is weak, so it presence will not modify the mass density distribution in the star. So, 

p = po(r) , where po is known from the equilibrium of an unperturbed polytrope . 

We will consider that the exterior magnetic field is dipolic and in the interior 

it is expressed by : 

S(r,O) = A(r)sin2(O). (8) 

1'0 facilitate the evaluation of the magnetic field we introduce thc following trans

formations: 

r = af, (9) 

in which we recognize the Emden variables (f" On), introduce a new dimensionless 

function rn (O proportional 1.0 the magnetic field and use the constant of integra

tion D (see Roxburgh , 1966). This substitution allows us 1.0 build the dimensionless 

form of (7) . So, using (6), (8) arid (9) in (7), we get the following nonhomogeneous 

second order differential equat.ion : 

(10) 

where On is the Lane-Emden function of index n, i.e. the solution of the Lane-

Emden equation of order n: 

(11 ) 

The boundary conditions for the equation (10) are: 

rn=r~=O in f,=0 and f,~r;+ln=O 1Il f,=f,l , (12) 

The first condition says that the magnetic field must be finite in the center 

of the star and the second in f, = f.I (with f,l the polytropic radius, i.e. the first 

zero of the Lane-Emden function) refiects that al. the surface olthe star there is no 

discontinuity in the magnetic field . 
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3. THE GENERAL SOLUTION OF EQUATION (10) 

The equation (10) is a nonh om ogeneous Euler equa t. ion . Wi t h th e t ra nsfe r

mation ~ = e' it becornes an equa tio n with cons tant coefficients : 

d2- d 4t --.2 _ -.1 _ 2::Y = -O" e
cii" ci t ' 

where ::Y(t) = 'Yn(et) , O(t) = O,,(l;t) . T he fund amental system of solutions for (13) 

IS : 

(14) 

50 t he general solution is: 

(15) 

wherc the functions CI(t) and C2(t) are determ ineel from t he following condit ions: 

Lt Cl[(t) . «:' + c;(t) . e = O (16) 

{ Lt =- c~ (t ) · c- t + 2c~(t) · e _e~(t)e4t 

Solving (16) and substit uti ng in (15) we find th at the genera l solution is: 

1 2j 2-
11 

j -- ,- (t) = - - e t e ton(t)dt + _ 1e- t e~ t () " ( t ) d t + K e2t + K «: ' (17) 'Yn 3 :~ n 1 2 

where the cons tants X , and ]{2 ar e det ermined usin g th e boundary conditions (12). 

Going back from t he variab le t to ~ we fin d the following expression for 'Yn(O: 

'Yn(O = - ~e j ~ O~ (O d~ + ~~ J~40~(Od ~ + f{ l e + 1~2 . (18) 

which enables us to find t he coust.ants K 1 and J{2 using (12): 

( 19) 

We note that in (18) anel (19) is involv ed t he Lane-Emden Iun ction of index n . 

But as we know, there are only t hree cases (n E {O , 1, 5}) whose exact form could 

be written (see Chandrasekhar , 1939). Further we wil! use an approxirnate form of 

it t o be ab le t o compare our resu lts with the numer ical results of Moriagh an (1965). 

4. CERTAIN SOLUTION FOR EQUATION (10) 

Let us substit ute in (18) 11 = 0,1 ta get exact solut ions for ( tO). For n = O 

we get t he solutio n found by Ferr aro (1954), and for n = 1 th e Monaghan 's 
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solut ion (1965): 

for n =O 

1 " 2 ~4
(Ja = 1 - -~ I'n (~) = ~ - 

6 10
 

for n =1
 

sin ~ . 2 sin ~ 1 ') 
OI =-~-I'n (~) =~sm~ + 2cos~ - -~- + 3~-

For other value s of n we know only approximate or numeri cal solutions for 

(Il) . In th e sequ el we are going t o use the first order Pade approximati on in ~ = O 

for the Lan e-Emden Iunction ' (Pascual, 1977) , which means: 

0[1,1]( ) = 60 + (3n - lO)e (20)
Tl E. 60 + 3nC -

Choos ing n = 1 in (18) and (22) we find th e following exp ress io n for '/'1 (O 

;1 (O = ~e (1 38 ,3339469 + ~e - 1~0 In(60 + 3e)) (LI) 

_ 2.~ 5 + 200 e _ 4000 ~ + 8000 V5arctan (~~~) 
1 15 9 3 3 10 

(22 )+3' ~ 

For n = 2, we get ; 2(0 

1 2 ( , 2 " 1250 1 100 . "») 1
;2(O = 3~ - 37,98177011 - 9'c' +-9-10+e+9In (10 +~ - ) + 3 (23) 

x (~e- 200 e+500~ + 12500 ~ 2 - 5750 VlOarctan (.2-.E.v'tO)) lE. (24 )
45 2Î 9 10 + ~ 9 10
 

For n = 3 we obt ain 'Y3(~)
 

, _ ~ 2 (7 992 7 _1_ 2 2000000 1 _ 20000 1 
I'3(E.) - 3E. , 9 86 30 + 145Sc' + 2187 (20 + 3C) 2 729 20 + :3C 

(2fl) 

I In the neighbourho'od of t: = 0, th e power series expans io n of I he Lan e- Emden 

Iunction has only even t erms. Sa, we have to approxim ate a power se rios O II e", Sa, in 

faet , her eOn is rather a Iun ction of e2 than a function of~ , This Ili e I'caSOIl wh y O ~I ,I] 
is t ermed "firs t order Padc approximant" it being really of fir st a rde !' with resp ect t a e2 

( uot with respect t o E) . 

[
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100 1 2 ) 1 ( 1 5 200:1 11000 (26)-729 n(20+3~) +3 -3645( + 2187( - 2 187~ 

40000000 ~ 6200000 ( 
(27)

+	 6561 (20 + 3eF 6561 20 + ;}e 

76000 ( 1 ))+ 2187 -/15arctan TQ(v't5 /~ (28) 

o .------.------,r__----r----r---....~-_,_--_. 
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Fig . 1. - The poloidal magnetic field for n = 1. 
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Fig . 2. - T he poloidaJ magneti c field for n = 2. 
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Fig . 3. - The poloid al magnetic field for n =3. 

In figur es 1,2 and 3 we have represent.ed (23), (24) and (25) (thin line) and also 

th e num erical solution (Monagh an , 1965? (thick line). Our solution approxirnates 

th e numerical one with th e rnean error 0.3, 0.17 and 0.11 respectively . Al. the 

surface of th e st ar our solution is far from the numerical one, mainly, becaus e we 

used a first order Pade approxirnant in ~ = O for Bn . 1'0 overcomc this Iact we 

could use a high er order Pad e approximat ion or to part t he star in envelopes in 

which we compute different Pade approximants . But th ese approaches involved 

more calculat ions and complicated the ana lytical form of the solution . 

In figure 4 we analyze th e magnetic field al. different dept hs in the star (on 

x-axis we represent U6 , where ~l is the first zero of the Lane-Emden function) 

and we see that incr easing the polytropic index , the main value of th e field is found 

deeper in the st ar. Thc maximum valuc of the field does not depend st rongly an 

the polytrop ic index for stars with strong central conden sation , as we can see In 

figur e 4. 

2 The fuu cti ons )'n(E) aud Bo(O from Monaghans articlc - dimensionless fuuctions 

are in th e ratia - 2. Sa , in Iact , we represent in aur pictures - 2')'n(O and Bo(E) . 

l _
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Fig. 4. - T he magneti c field versus the sta r depth for n E {O , 1, 2, 3}; 

th e first line from th c tup is for n = O. 
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