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3. THE GENERAL SOLUTION OF EQUATION (10) 

The equation (10) is a nonh om ogeneous Euler equa t. ion . Wi t h th e t ra nsfe r

mation ~ = e' it becornes an equa tio n with cons tant coefficients : 

d2- d 4t --.2 _ -.1 _ 2::Y = -O" e
cii" ci t ' 

where ::Y(t) = 'Yn(et) , O(t) = O,,(l;t) . T he fund amental system of solutions for (13) 

IS : 

(14) 

50 t he general solution is: 

(15) 

wherc the functions CI(t) and C2(t) are determ ineel from t he following condit ions: 

Lt Cl[(t) . «:' + c;(t) . e = O (16) 

{ Lt =- c~ (t ) · c- t + 2c~(t) · e _e~(t)e4t 

Solving (16) and substit uti ng in (15) we find th at the genera l solution is: 

1 2j 2-
11 

j -- ,- (t) = - - e t e ton(t)dt + _ 1e- t e~ t () " ( t ) d t + K e2t + K «: ' (17) 'Yn 3 :~ n 1 2 

where the cons tants X , and ]{2 ar e det ermined usin g th e boundary conditions (12). 

Going back from t he variab le t to ~ we fin d the following expression for 'Yn(O: 

'Yn(O = - ~e j ~ O~ (O d~ + ~~ J~40~(Od ~ + f{ l e + 1~2 . (18) 

which enables us to find t he coust.ants K 1 and J{2 using (12): 

( 19) 

We note that in (18) anel (19) is involv ed t he Lane-Emden Iun ction of index n . 

But as we know, there are only t hree cases (n E {O , 1, 5}) whose exact form could 

be written (see Chandrasekhar , 1939). Further we wil! use an approxirnate form of 

it t o be ab le t o compare our resu lts with the numer ical results of Moriagh an (1965). 

4. CERTAIN SOLUTION FOR EQUATION (10) 

Let us substit ute in (18) 11 = 0,1 ta get exact solut ions for ( tO). For n = O 

we get t he solutio n found by Ferr aro (1954), and for n = 1 th e Monaghan 's 
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solut ion (1965): 

for n =O 

1 " 2 ~4
(Ja = 1 - -~ I'n (~) = ~ - 

6 10
 

for n =1
 

sin ~ . 2 sin ~ 1 ') 
OI =-~-I'n (~) =~sm~ + 2cos~ - -~- + 3~-

For other value s of n we know only approximate or numeri cal solutions for 

(Il) . In th e sequ el we are going t o use the first order Pade approximati on in ~ = O 

for the Lan e-Emden Iunction ' (Pascual, 1977) , which means: 

0[1,1]( ) = 60 + (3n - lO)e (20)
Tl E. 60 + 3nC -

Choos ing n = 1 in (18) and (22) we find th e following exp ress io n for '/'1 (O 

;1 (O = ~e (1 38 ,3339469 + ~e - 1~0 In(60 + 3e)) (LI) 

_ 2.~ 5 + 200 e _ 4000 ~ + 8000 V5arctan (~~~) 
1 15 9 3 3 10 

(22 )+3' ~ 

For n = 2, we get ; 2(0 

1 2 ( , 2 " 1250 1 100 . "») 1
;2(O = 3~ - 37,98177011 - 9'c' +-9-10+e+9In (10 +~ - ) + 3 (23) 

x (~e- 200 e+500~ + 12500 ~ 2 - 5750 VlOarctan (.2-.E.v'tO)) lE. (24 )
45 2Î 9 10 + ~ 9 10
 

For n = 3 we obt ain 'Y3(~)
 

, _ ~ 2 (7 992 7 _1_ 2 2000000 1 _ 20000 1 
I'3(E.) - 3E. , 9 86 30 + 145Sc' + 2187 (20 + 3C) 2 729 20 + :3C 

(2fl) 

I In the neighbourho'od of t: = 0, th e power series expans io n of I he Lan e- Emden 

Iunction has only even t erms. Sa, we have to approxim ate a power se rios O II e", Sa, in 

faet , her eOn is rather a Iun ction of e2 than a function of~ , This Ili e I'caSOIl wh y O ~I ,I] 
is t ermed "firs t order Padc approximant" it being really of fir st a rde !' with resp ect t a e2 

( uot with respect t o E) . 

[
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Fig . 3. - The poloid al magnetic field for n =3. 

In figur es 1,2 and 3 we have represent.ed (23), (24) and (25) (thin line) and also 

th e num erical solution (Monagh an , 1965? (thick line). Our solution approxirnates 

th e numerical one with th e rnean error 0.3, 0.17 and 0.11 respectively . Al. the 

surface of th e st ar our solution is far from the numerical one, mainly, becaus e we 

used a first order Pade approxirnant in ~ = O for Bn . 1'0 overcomc this Iact we 

could use a high er order Pad e approximat ion or to part t he star in envelopes in 

which we compute different Pade approximants . But th ese approaches involved 

more calculat ions and complicated the ana lytical form of the solution . 

In figure 4 we analyze th e magnetic field al. different dept hs in the star (on 

x-axis we represent U6 , where ~l is the first zero of the Lane-Emden function) 

and we see that incr easing the polytropic index , the main value of th e field is found 

deeper in the st ar. Thc maximum valuc of the field does not depend st rongly an 

the polytrop ic index for stars with strong central conden sation , as we can see In 

figur e 4. 

2 The fuu cti ons )'n(E) aud Bo(O from Monaghans articlc - dimensionless fuuctions 

are in th e ratia - 2. Sa , in Iact , we represent in aur pictures - 2')'n(O and Bo(E) . 

l _
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Fig. 4. - T he magneti c field versus the sta r depth for n E {O , 1, 2, 3}; 

th e first line from th c tup is for n = O. 
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