STOCHASTIC SET-UP OF THE TWO-BODY PROBLEM
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Abstract. Using Bismul's approach to the stochastic canonical system, this paper
applies stochastic methods to the conerete case of the perturbed two-bhody problem.
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1. THEORETICAL CONSIDERATIONS

Let (g, p)e R*", where § = (¢y,...,q,) is 'the generalized coordi-
nate and p = (p,, ..., p,) is the generalized impulse of an »n point-like
masses system, whose motion is described by the canonical system :

q= ’ (1)

with obvious notations (see [1] Arnold, 1976).

In the sequel we shall suppose that the above system is randomly
perturbed (e.g. by the high atmospherical perturbations), so let us consider
a random potential of the form :

Uty G) Bilw), (2)

where By(w): [0, co) x Q — R is a standard Brownian motion process
defined on a probability field (Q, #°, P) endowed with the natural filtra-
tion of B and B,(w) is the white noise measure, which controls the incre-
ments of B. The size of %(t, ¢) must be sufficiently small to dominate the
“very large’ size of the properly weighted increments of B (see [3] Guikh-
man, Skorohod, 1930).

From now on, if the quantities will be understood in the classical
meaning, we shall specify it. If not, they will be understood in the above
generalized (stochastic) meaning.
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The new Hamiltonian takes the form :

.9?(1’, ﬁ: jj) = II(t, qa ]—j) "i” ';?1“: _21-1 17'), (3)

where its random part A, is given by :
Hi(t, 4, B) = Ut §) Bil). (4)

From stochastic point of view #, is defined as the Legendre transform
of the Lagrangean obtained from the Jacobi- Bellman equation (see [2]
Bismut, 1981) and takes the form:

\

bt PRy st - S =
H(t, §, p) = <0(1, 9,7+ —W, q)>, (:
01

s
S’

where ¢ = (5y,..., 6,) € °(R.x R", R") is bounded together with its
derivatives on compact sets and 11" = W(¢, ) is a solution of the Hamilton-
Jacobi equation associated to the classical canonical system (1) :

oW
0q

0
ot

[—ummwanﬁa~ Uqua (6)

By fitting (4) and (5) one may determine & :

n ” .
p) c.-(p,~ + . ) = ¥(1, §) B;. (7)
r =1 aq1
In classical meaning :
: W ‘
P oW , (3)
o

one can observe that in the left side brackets of (7) we have the difference
between p; = pf, ») as solution of the perturbed problem and p; = pi(i)
given by (8). So, if the impulse of the perturbed system reduces to the
impulse of the unperturbed system, then the random potential must
be zero.

2. STOCHASTIC CANONICAL SYSTEM

The canonical system for the new Hamilionian # takes the following
integral form:
t t
- o L i Ed
q(t, ©) =q(0, ) +\—— (5,4, p)ds -j~S nE
op 0p

0 0

(s, ¢, p) dB;, (9)
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: t
- - o1 H oL
P, ©) = 90, ©) —S (s, ¢, p) ds ~S - ~ L (s,§, p) dBy,
a4 J 0f

0
with the non-random initial data
= . = o AL

(0, ©) = (o P((): “)) e —a? (0 90) (10)

The integrals in (9) made with respect to the Brownian motion are

in the sense of Ito (see [3] Guikhman, Skorohod, 1980)
The solution of (9) —(10) is given by (see [2] Bismut, 1981)
W
SR ). (1)

(Q(ta ©), P>

where §(?, «) is the unique solution of the following stochastic differential
i
(12)

system :
t
g(l, ©) = G + f (s, @) ds—+ SE(S', §, @) dBgw),
0

0

R") given by :
(13)

158t . ..o
(t, q) - o(t, q).

with f e €=(R, x R,
oH 2 oW
t,§) = —1{ 1, ¢ — —( F))-;—-
i ( s aq T
One can recognize that j and ¢ are the transfer, respectively the
diffusion, coefficients of ¢ q in stochastic meaning. Under sufficiently large

assumptions on f and &, the system (12) admits a continuous P-almost
surely solution for which we have path uniqueness.

3. SOLUTION OF THE STOCHASTIC PERTURBED TWO-BODY PROBLEM
In the e¢lassical two-body problem, let be (», ) the polar coordinates
and § = (@ @) s G =71y o=@, p = (P1, P2) ;s P = ry ps = r?¢ the genera-
lized coordinate, xespeetn elv the neneralued impulse. Thus the classical

Hamiltonian H equals

H:”;(Pf—i—"p—,,')"‘is
. o« 4 ¢

where p is the gravitational parameter
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By mechanical considerations it is natural to suppose that the
random potential is of O(<) with respect to H, giving a small random per-
turbation. The random part of the Hamiltonian takes the form :

H, = U(t, §) Bo).

Formula (7) yields to:

.9?’125[01(1)1 V————-—l—h) (2-—0)],

with € the angular momentum constant and % the energy constant.
The canonical system (9) becomes :

f

q,(t, ©) = ¢,(0, ww+\p1(s, w)ds +

+S 01(5, 0i(s, @)y Ga(8, @) dB, (o),
(4]

i

gs(f, ©) = g,(0, )_L_‘Pz(?, ©) ds L

Qi("' ) |
+S ox(8, 0(8, @), 4a(3, @) B, (o), (14)
(2]

f

Pi(t, ©) = p,(0, o) _S[ = + pé(s, ®) ]ds —
ai(s, o) (s, )

i

_.gs =2 0\(8, €45, ), a3, @) AB(w),
2 L
5 4:(8, ») Vm+

Palt, ©) = P3(0, ).

with the initial data
(0, ®) = qg, t =1, 2,

: 2
P:(0, ©) = "?;:_"'-‘ h, (15)
1

P1(0, ) = C.
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This system admits the solution :

2u. ' 1
{QI(ty ©), ¢s(t, w), V‘m + h, C} (16)

where ¢(?, ») is the unique solution of the stochastic system :

¢(l, w) = qg i

=1

2u
+§[Vq1(8, =) + h + 5 Z aq, (8, G(8, ©)) “oi(8, 4(s, "’))] ds +

c,(8, 4(5, @)) d By(w), (17)

(o]
O™ ™

gx(t, ©) = g5 +

i

(,-" 82 2 ad - -
oo =5 B 5 a0, ) o a0, o) | ds +

0

t

+z S 53(8, G(8, ®)) d By(w).

0

In order that the stochastic system (17) admits a solution, it is
sufficient that the integrands to be Lipschitz continuous in both variables
and with at most polynomial growth in the second variable (see [3] Guikh-
man, Skorohod, 1980). To accomplish this condition, ¢ must be chosen
sufficiently small.

One can observe that, under the assumptions that the system (17)
admits a unique solution, the component p, of the stochastic impulse
still remains constant, with the same constant as in the classical situation.
The natural further step from here is to study the qualitative behavior
of the solution (16).
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