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Ab,~ / I'(( "' , I js ill ;.( Schna l' x " XIHJI1 "Jlli a l law In dcse r ibe t he densi t y distribution in 
t he IIlars ' al mosp here al Ill'i ghls lip 10 !OO km , u rc Iirst ordcr drag p er t ur­
ba ti nns in 1I1l' mo t ion ()f a n or hi tvr ev olvi n g in this hl'i ghl ranue arc analyt i­
cnl ly det erm lne d 0 \ ' ,,1' om' nndal pe r iod. lIlars ' olil utencss anrl ils utmospheri c 
r u ta t ion a n, eOllsidercd. T hc a n a ly t ie approuch of pu ss lvc lra jeclories al such 
a l t it tu lcs is j ust if ie tl , 

H{ '!J uw rtls : .\ ta l's' A t moshe rc - Orb ita l Mo t ion 

1. I~ Tll mH.'CrW~ 

UHing the uumcr ieal data list.ed by the :MA - 87 model (Moroz et 
a l. I HKS), Sehnal (UJ!)() a , h ) approx imated the h eight -d ep end ence of the 
Martian atmospherie den sity by analytic Iorm ulue for t wo al t itude ranges : 
100 - 1000 km and up t.o ]00 km (in hoth cases for t h r ee density protiles : 
m inima l, nominal, a ud max imal). 'I'he density formula for 100-1000 km 
was used by Sehnal (U )90 a) t o f'ind some Ieatur es of a Mar t ian orbiter 
m ot.ion , and by us (e.g . Mioe et al. HHJl) t o p erf'orm a sim ila r (but more 
gc ncral Irom se veral viewpoints) study. 

1"01' a lt.it ru les UI} to 100 km, Sehnal (l9nO b) p roposed a. parabolie 
dcpendence uf In P on It (p = densit.y at t he heigh t, h) : 

1 

n( pl Po) = ~ (l j II} , (1) 
) _~ O 

'h ere p' aud Po = 1 a re expressed in kg!m 3 , li is givcn in km, while tho 
eoeff'icients a j are separat.ely determiued f'or l be minimal, nominal, and 
m a x imal delJ :-:itw profilcs. He im pr oved t h is formula hy considering a j as 
a sym met ri c tcrm s depending ou thc Iatitude q:>: 

P = Fo ex p (i (a j + (lJl sin 'ti) It !) , (2) 
) = 0 

with (nom inal m odel) : 0 00 = - 4.12:313 , (10\ = - 0.1206, (ti O = - 0,0930, 
al! = O.OBO, (/ 20 = - 0.00023, l{21 = -0.00011. 

Of course , since t.he lifct im e of. a. presum ptive orbiter (in p as siv e 
traj ect ory ) a t so low alt.itudes is very sh 01'1 , th e study of its motion seems 
t o be of sm all i nterest for practicat purposes (esp ecially for manned Mar-
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tiau space missions). H owcver, fo r r ea sous we 8ha11 expose in S CCtiOIl 5 , 
in t h is pape r we shall estlmate analyticall v thc perturbations oauscd by 
the a t mosph eric drag in Ii ve independcnborbital parainoter s : 

Z E Y = [p, q = e cos co , le = e sin <Il, n, 1'} 

of a Mars' orbitor (in an in it ia l orbi t cntirel v contained in t110 h eigh t 
r a nge 0 - 100 km) ov er on o nodal period. Here p = semilatus rectum, 
e = eccontr icity , co = argument of periastron, n = Iongitude of asceud­
ing no dc, 1: = incl ina ti on (a ll with r espect 1,0 the classical plane tocen tric 
Irame). 'l'he ~'\1ari'\' obl ateness ( s = (J.()05) arul 'Its atmospheric r otution 
(of co nstant ,tUlg ula l' velocity ti)) will a lso 110 conside 'ed. 

2. E IJ F;\'I'IO:\, S O F U O'l' IO :': 

Since we stu dv t he mot.ion over oile lloiIaI period, we adopt a..'l in­
dep enden t va ria blo 1;110 a rg lllllc nL of ln.titude (It). 'I'ho correspond ing 
N ewtou-Euler :-;ystem, rrom wh ioh we start, will be u sed undor l.ho t or m 
(l\l ioc ] 991) : 

tip d u. = 2(15/ 11·)/';)1', 

dq/dn = (Z / I1.)(l' ~: l;}JCIV / (pJ) ) + r 21' (I'(q + A)/p + A) + 1'~1;8 ) , 

d f>,/dn = (Z/fl)( - r :Jqu a w /(p lJ ) + 1'2 t (1'(k + B)/p + B) - r 2A 8 ), 

" dn/d11. = (Z / p.)I' ;)}:JV/(plJ ), (4 ) 

. <'1.1' <1 11 = (Z!l-L)I';).AlV/p, 

dt/dll ' Zr 2(I.Lp )-1/2, 

whcre 15 = 1 /(1 - r2CD. l( flP )J/ ~ ), t~ =· l\LH· .~ ' gri~\"itatiollal paramet.er , r = 
planetocentric r adiu!' vector , A = cos 11, 1J = sin 1/, C = cos 1:, Il = 
, .sin 1:, while S, 1', l V arc, respeetively , 0 1(\ rad ial, transv ersal , a rul b inor­
m al oom pon onts of U1l' perturbing aeoeleratiou. 

\ViUl initial h smaller th an 100 k m aud R (Mars' equatorial radiu, ) = 
= 33!)3.4 kUL (Momz et al. .1!)88 ), t h e ini t ia l c does not ex ceed 0.015; 
we xhall .therefore consider only q nasi-circular ,orbits (expansions to f'ir sb 
order in q .a ud k j. 80, -f rom the well-known orbit; equation in polar CO Ol'­

dinat es , r = p /(1 + e COi? 1.') = p /(1 + A q + .B k ),; , wher e v = truc ano­
rnal y , ono will write : 

(5) 

Also, siuco the perturbing fa ctor is the atmospheric drag, we shall h av e 
in , the same co nd it iona (Mioc l!Wl): . 

S = - pa([.L/p )(llq - Ak), .' : : ; 

l ' = :- pa(fl/p)(l + 2A.q + 2Bk) +,paOW(flp)1I2, (6) 
I . . . ' 

W = - pai)W(flp)l/2A, :1 

where l) is the drag purameter of .t henr b it er .. 
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We shall integrate (4) by succe-s iv e approx im at.ions, with Z ~ 1, 
linriting the process ta Iirst or der approx imat.ion, So , we may con sider 
separat ely th e first Iive equations (4 ). With (5) and ((j), an d omi tting in 
advance the factor Z , theseequations acquire the t onn. r . 

dpjtl lt = pb(2( x + y ) - 2(3,1: + N)A q - 2(:3x + y) B k ) P, 

dq/du = b(2(x + y)A + (( x + 2.11) - (5;1:+ 2.11).11 2)q-2(3 x +y )ABk) p, 

dl.; du = b(2(x + y )B - 2(2x + !I),AB q + ( - 4x + (5x +2.11).11 2) k)p , 
, " 

d Q/d ll'= b(x jC)(-AB + 3A 2B q + :L ilP k ) p, (7 ) 

<li au = b(Dx /C) ( - ...d. 2 + 3A '« + 3A 2lJ k ) p, 

, ", 
(8) 

'Ih e var ia t ions rof the orbit al elements (3) 'over one nodal per iod 
wil l be : 

27: 

~z = ~ (d.c j<l u)d u, ;, E Y , (9) 

o 

wit h 11H'. in tegrands givcn by ('1). In ord cr t o writ e tlJe;;e equati or f; in a. 
snitubl e Torm for perform ing t he in tygrn l:-: (H), we stil l have t o express 
the deusit.y ns Iu nction only af li (th rn ugh A aiul II). 

3. 1",'\:I'HESSlOX OF TH E IlE, ' ~ lTY 

Aceurding ta OU l' purposes, we shall adopt. for rh e deh ~' i ty dist ribu­
tion law (2). Firsrly we conside r t h e a lt.it url e : 

(10) 

With r given by 5 ), a nd wirh : 

, :-; in ? = DB , (11 ) 

this formula becomes : 

h. = P - R' + dlD2B2 - pA g .: p B k. (12) 

New we in troduce (Il )' and (12) in to (2); and xpand the ex ponen­
t.ial ta Iirs t order in q and le I n t h is expan sion , the exponent ial is kept 
for t b e const an t torms, while for t h e variable on es (t hose cou tain ing .A 
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aud B), whieh arc small, unlv t wo torms wi ll hc kept in cxp ausion, ex­
cept for t he q uant itios IJll (p - Il )DD a nd aZ1( p - Il)2UB, w11ic11 are of 
the order of u nity ; for th ese on es t he expon entia l will he separately ex­
panded, keeping f'our terrns in tho r esp ective expansions , Acting in the 
specified way, and in trod ucing s uccessively the abbreviati ng uotation: 

(13) 

(14) 

(15) 

(16) 

h ll1 = ~ cid}, i = O,G, j = O,(j ; (17) 
i +j= ,.. 

R, = ~ L mQ", 'In = O, U , n = 0,:3, (18) 
'1 + ,,=1 

the expression of Lhe dcnsity becomes : 

(19) 

4. VAIUATIONS OF TIII ~ OHUlT AI. EI. E , lENTS 

By (19), the density is expressed only in tenns of A, B, aud quan­
tities considered. constant over one revolution. Substituting (19) into (7 ), 
the motion equations become : 

dp/du = X oPb(P08 1 + (1'082 + 1'18 1)A q + (1'082 + 1'181)B k), 

dq/du, = Xob(PoASI + (P281 + (1'08 2 + 1'3SI )A 2)q + (1'082 + 
+ P I 81)A B k), 
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(20) 

where we used the notation : 

11 

SI = S(( H) = ~ L mBm, I l 

'S2 = S 2(l~ ) = ~ HiB ; (21)
ffl ,;l.O I o 

P 
o 

= 2(.r + !/), 1\ = - 2(:3a; + !/), F 2 = ;1: + '2!J, 

l'a = - (:>x + 2y ), p~ = - 2(2x + !/), I' = - 4:1', (22) 

Finnllv , pCl'forming the in tegra ls (9) with t.he integmndH g iven by('20), we obtain the pcrturbatiuns of t he or b ita l elelll cnts over oile nodal
pcr iod : 

np = 2r;XopiJ ~
7 

f"( 1'o1.,2,, + (l\L2n- 1 + P OH2R- 1)k), 
,,=0 

H

nq = 'Jr;_\" oiJq ~ f,,(1'5 L 2" - P 3['211 - 2 + F o(R2" ­ ](,2,,-2)' 
n -o 

Il6.1,~ = 2r;Xob ~ fll(PO[;2 n-l + ((1'3 + P 5)L 211 - P 3J;zn- 2 + 1' 01l21l- 2)k), ( ~:~) 
n=O 

M1 = 2r;.\"ob(a:/C )q ~
8 

fn(3( ];211-1 - 1'2"- 3) - ( R Zn- 1 - 1l2n- 3»,
n = 1 

8
ni = 2r;X ob( !J:r/C ) ~ fn( L znz - L 2n + (3(L 2n- 1 - 1)2n- 3)

n=O 

where wc in troduced artificially L_1 = R_ 1 = O (i = 1,3), L , = () (j =
= 12,16), Il l< = O (k = 15, 16), and wrote 

fo = 1, fn = ((2n - 1)! !) /(2 n1/ !), nE N*. (2·1 ) 

Of COUl';' C, var tous particular cases , a s for {ns tance initiaJIy circularor bit (q = k = O), 01' neglection of atmospheric rotation (x = O), can ul sobe stud ied operating in the above formuiae the corresp on ding modifica­
t ions. 
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5. CmUIEN TS 

Consider ac body in passive it raj ect ory orbit ing nI an; suc h that 
h ;$ 100 km. Dsing OUl' final formulae, we est imat ed numerically rhat, 
because of the st r ong atmospherio d rag at such al t it udes , 111e r espective 
body cannot perf'orm but fC'>Y revolutions before falling on Mars ' surface. 
Moreover, in order to accoruplish som e passive orbits, the body must 
have a very "m all drag parametorf it must be very rnassive anrl of srna.Il 
dimensiou s). It seems to Iollow that an analytic st udy of t he passive 01'­

b its in the Mars' atmosphere at heights up to 100 lOII would be of sma ll in­
t er est for conc r et e sit u a tions (esp ecial ly for practical purposes r ela t ed to 
sp ace dynamics). . 

X cyer tlleles" we consider that such a ' st 11(]~ ' is of bot.h pract ical 
a ud theor etical interest.. F r om 111e practicat point of viow, 111e k nowledge 
of t.he drag p er111rbatioll s on 1he passiv e traj ect ory can provide u:-:e1'111 
data for (let t'J'llliuing th e orbit corrections to be perf'orm ed by nianoeu­
v res . It is al so u sef'nl 10 know how long a presumpt.ivc Mnrtinn lander can 
fly on passive orbit lower than 100 km. 

F ro m a theoretical point of view, although generatcd b y a concrete 
case (orbits in theMars ' anuosphere at heights up t o 1001011 ), our r esearch 
can const .itut.e ~11l analytic stu uy of the orbital m ot.ion in a .r esist ing m e­
diurn whose den sity distribution is described by the law (2) , with the 
co etficients a 0' a 1 of th o sum e order of magnitudc, b ut covering a Jar­
ger h eigh t rangc. ..0\ nother problem t o whieh OUl' 1h eor et iC:1\ resul t s can 
be applied is tha t; of t h o purely dynamicallv p orturherl mot ion of a met (' 0­

roid-Iike bo dy , captur ed by Mars , wh ose eircu n unru-t iau orbit b rought 
it in the :l b ove consi dered atmospheri c lay er. ­
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