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Abstract. This paper deals with long-term dynamics around asteroids. The orbital
motion, perturbed by the oblateness of the central body and the attraction of the Sun,
is studied both analytically and numerically. A simplified model, which takes into
account the effects of the J2 harmonic terms and the solar attraction and defined in
terms of the Milankovitch variables, is used to analytically predict the evolution of the
inclination and the longitude of the ascending node of circular orbits around asteroids.
The key parameters, which lead to large variations of the orbital plane, are identified.
In this sense, it is shown that the obliquity of the asteroid plays an important role.
The analytical study is validated through numerical simulations, dealing with more
complete models developed in both Cartesian and Hamiltonian frameworks. Due to the
combined influence of the J3 harmonic terms and secular solar resonances, although
the orbital plane evolves as predicted by the analytical study, the initially circular orbits
might become very eccentric. The methods are used to investigate the orbital stability
around Vesta and Eros, respectively.
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1. INTRODUCTION

The investigation of orbital dynamics in the vicinity of irregularly shaped ce-
lestial bodies, such as asteroids, represents a complex and multifaceted problem in
celestial mechanics. The non-spherical mass distribution of these bodies generates
intricate gravitational fields, which increase in complexity when external perturba-
tions from the Sun and other massive bodies within the solar system become relevant.
Asteroids, such as Vesta and Eros, with their distinct physical and dynamical charac-
teristics, serve as appropriate cases for studying the dynamical interaction with these
complex gravitational fields. Vesta, one of the largest bodies in the asteroid belt, ex-
hibits a relatively massive and oblate shape. The Vesta’s equatorial plane is tilted by
27◦ from its orbital plane. Conversely, Eros, a smaller and more irregularly shaped
near-Earth asteroid, displays pronounced asymmetries in its mass distribution, and
the obliquity if very large, about 89◦.

The purpose of this paper is to show that the obliquity of the asteroid plays a
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critical role in shaping the orbital dynamics, with Vesta’s moderate obliquity (27◦)
fostering more stable regions compared to Eros’s high obliquity (89◦), which leads to
larger excursions in inclination and chaotic behavior. Numerical simulations validate
the analytical results, demonstrating the impact of higher–order harmonics (J3) and
solar secular resonances on orbital stability. These insights contribute to a deeper
understanding of the dynamical environments around irregularly shaped asteroids,
offering valuable implications for future asteroid missions, the study of solar system
dynamics, and the broader field of celestial mechanics.

2. MODELS

2.1. PRELIMINARIES

We consider an infinitesimal particle (a massless natural or artificial satellite),
hereafter denoted as P , orbiting an asteroid that itself follows a Keplerian orbit
around the Sun and rotates uniformly about a fixed axis. The massless body P ex-
periences gravitational forces from the oblate asteroid, as well as from the Sun. We
neglect all other external forces in this analysis.

The orbital motion of the massless body P is referred to a quasi–inertial frame
Re

A = {A;e1,e2,e3}, centered in the center of mass A of the asteroid, where e3 is
the unit vector normal to the equatorial plane of the asteroid and oriented toward
the positive pole of rotation (that is the pole given by the right–hand rule for the
rotational motion, see Archinal et al. (2011) for more details), the unit vectors e1
and e2 are in the equatorial plane of the asteroid and defined as e1 = e3×n

|e3×n| and
e2 = e3×e1, respectively, where n is the unit vector normal to the ecliptic plane and
pointing towards the north ecliptic plane.

Let us introduce another reference frame, a body frame fixed to the asteroid,
denoted by Rf

A = {A; f1, f2, f3}, where f1 and f2 are in the equatorial plane of the
asteroid, f3 = e3 is directed along the rotation axis, while f1 is in the plane of the
prime meridian of the asteroid (see Archinal et al. (2011) for the location of prime
meridian of various asteroids). The rotational motion of the asteroid is described by
the angle θ between e1 and f1, namely

θ(t) = θ̇t+θ0, (1)

where θ̇ and θ0, with θ0 = θ(t0) at a given epoch t0, are known.
Denoting by r the position vector of the satellite P with coordinates (x,y,z) in

the quasi–inertial frame Re
A and (X,Y,Z) in the synodic frame Rf

A:

r= xe1+ye2+ze3 =Xf1+Y f2+Zf3 .
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The relation between the coordinates in the two frames is given by: X
Y
Z

=

 cosθ sinθ 0
−sinθ cosθ 0

0 0 1

  x
y
z

≡R3(−θ)

 x
y
z

 , (2)

where R3(θ) denotes the rotation matrix of angle θ around the third axis.
Let us assume that the orbital motion of the asteroid around the Sun is Keple-

rian. And let the orbital elements of the asteroid with respect to the ecliptic plane be
(aA,eA, iA,MA,ωA,ΩA), where aA is the semi–major axis, eA is the eccentricity, iA
is the inclination, MA is the mean anomaly, ωA is the argument of perihelion, and ΩA

is the longitude of the ascending node. As a consequence, the motion of the Sun with
respect to the asteroid is also Keplerian. The Sun’s motion with respect to the ref-
erence frame Re

A is characterized by the orbital elements (a∗S ,e
∗
S , i

∗
S ,M

∗
S ,ω

∗
S ,Ω

∗
S).

These are related to the orbital elements of the asteroid through

a∗S = aA, e∗S = eA , (3)

and some formulas for rotation (see Galeş et al. (2025) for details):

cos i∗S = cos iA sinβ− sin iA cosβ sin(λ−ΩA) ,

sin i∗S cosΩ
∗
S = cos iA cosβ+sin iA sinβ sin(λ−ΩA) ,

sin i∗S sinΩ
∗ = sin iA cos(λ−ΩA) ,

sin i∗S cos(ω
∗
S +ωA) = sinβ sin iA+cosβ cos iA sin(λ−ΩA) ,

sin i∗S sin(ω
∗
S +ωA) = cosβ cos(λ−ΩA) ,

(4)

where β and λ are the ecliptic latitude and the ecliptic longitude, respectively, of the
positive pole of rotation of the asteroid. We assume that β, λ, and the orbital elements
of the asteroid are known. Then, in view of (3) and (4) the orbital elements of the
Sun are uniquely determined.

2.2. THE MODEL IN THE CARTESIAN FRAMEWORK

The motion of the satellite P is described by equations that account for the
combined gravitational influence of the asteroid, including the oblateness effect, and
the solar attraction. Other contributions, which are neglected in this case. Within the
asteroid–centered frame Re

A, the motion of P is described by the equation

r̈=−G
∫
VO

ρ(rp)
r−rp
|r−rp|3

dVO−GmS

( r−rS
|r−rS |3

+
rS
|rS |3

)
, (5)

where G is the gravitational constant, ρ(rp) is the density at some point rp inside the
volume VO of the asteroid, mS is the mass of the Sun, rS is the position vector of the
Sun with respect to the center A of the asteroid.
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Let us denote by ∇F and ∇I the gradients in the synodic and quasi-inertial
frames:

∇F ≡ ∂

∂X
f1+

∂

∂Y
f2+

∂

∂Z
f3,

∇I ≡
∂

∂x
e1+

∂

∂y
e2+

∂

∂z
e3.

(6)

The relation (5) can be written in the form

r̈=−R3(θ)∇FV (r)+GmS∇I

( 1

|r−rS |
− r ·rS

|rS |3
)
, (7)

where the gravitational potential due to the oblate body is given by

V (r) =−G
∫
VO

ρ(rp)

|r−rp|
dVO. (8)

In the synodic frame we can write

X = r cosϕcosχ, Y = r cosϕsinχ, Z = r sinϕ, (9)

where (r,χ,ϕ) are spherical coordinates with the longitude 0≤ χ≤ 2π and the lati-
tude −π

2 ≤ ϕ≤ π
2 . Let m0 represent the mass and R0 denote a reference radius (such

as the equatorial or equivalent radius) of the asteroid. The gravitational potential V
can be expanded in terms of spherical harmonics as follows (see Kaula, 1961, 1966):

V (r,ϕ,χ) =−Gm0

r

∞∑
n=0

(R0

r

)n
n∑

m=0

Pnm(sinϕ)(Cnm cosmχ+Snm sinmχ), (10)

where the quantities Pnm are defined in terms of the Legendre polynomials:

Pn(x)≡
1

2nn!

dn

dxn
{(x2−1)n} , Pnm(x)≡ (1−x2)

m
2

dm

dxm
{Pn(x)},

and Cnm, Snm, with n,m ∈ N and 0 ≤ m ≤ n, are the un-normalized spherical
harmonic coefficients. We recall that the un–normalized coefficients Cnm, Snm

are related to the normalized spherical harmonic coefficients Cnm, Snm as follows:
(Cnm,Snm) =Nnm(Cnm,Snm), where the normalization factor Nnm is defined as:

Nnm =

√
(2− δ0m)(2n+1)!(n−m)!

(n+m)!
,

with δ0m denoting the Kronecker delta.
Since V is expanded in power series of R0/r, the magnitude of the harmonic

terms decreases with the increase of n and the increase in distance r from the asteroid.
This work assumes that the harmonic coefficients Cnm and Snm, with 0 ≤ m ≤
n ≤ nmax, where nmax = 4, are known. Tables1 and 2 provide the values of the
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Table 1

Vesta’s harmonic coefficients Cnm, Snm, Cnm, Snm, Jnm, expressed at a reference radius

R0 = 265[km] (see Konopliv et al., 2017) and the quantities χnm

n m Cnm Snm Cnm Snm Jnm χnm

2 0 –3.17794e-02 0.00000e+00 –7.10608e-02 0.00000e+00 7.10608e-02
2 1 –4.93914e-10 1.59604e-09 –6.37640e-10 2.06049e-09 2.15689e-09 287◦· 19
2 2 4.18496e-03 1.24537e-03 2.70138e-03 8.03888e-04 2.81845e-03 98◦· 28
3 0 3.31055e-03 0.00000e+00 8.75890e-03 0.00000e+00 –8.75890e-03
3 1 –2.61267e-03 –4.33891e-04 –2.82200e-03 –4.68656e-04 2.86065e-03 9◦· 42
3 2 –7.28890e-04 –1.17304e-03 –2.48963e-04 –4.00670e-04 4.71720e-04 29◦· 07
3 3 –1.54662e-04 2.38493e-03 –2.15666e-05 3.32563e-04 3.33262e-04 331◦· 23
4 0 3.26560e-03 0.00000e+00 9.79680e-03 0.00000e+00 –9.79680e-03
4 1 4.92039e-04 1.43488e-04 4.66789e-04 1.36125e-04 4.86233e-04 196◦· 25
4 2 –6.30098e-04 2.63033e-04 –1.40894e-04 5.88159e-05 1.52677e-04 348◦· 67
4 3 –1.04752e-04 –6.69982e-04 -6.26017e-06 –4.00390e-05 4.05255e-05 27◦· 03
4 4 8.66352e-05 –2.97036e-04 1.83050e-06 –6.27605e-06 6.53754e-06 26◦· 56

normalized and un–normalized harmonic coefficients up to degree and order n =
m= nmax for the asteroids (4) Vesta and (433) Eros, determined for a specific radius
R0. The tables also include the values of the un–normalized coefficients Jn, Jnm
and the values of the angles χnm, for n,m ∈ N and 0<m≤ n, defined through the
relations
Jn ≡ Jn0 =−Cn0 ,

Cnm =−Jnm cos(mχnm) , Snm =−Jnm sin(mχnm) , for m> 0.
(11)

Fig. 1 – Order of magnitude of different perturbations as a function of the distance from the center of
the oblate body. In the left panel: 4 Vesta, in the right panel: 433 Eros. The colored curves show the
influence of: the monopole term of the gravitational influence of the minor body (black), J2 (green),

J22 (red), J3 (blue), the attraction of the Sun (yellow) and Jupiter (orange).

Using (9), the series of V , given by the relation (10), can be expressed as a
function of the Cartesian coordinates X , Y and Z, namely V = V (X,Y,Z). Cal-
culating the gradient ∇FV , multiplying the resulting vector by R3(θ) and using the
relation (2), we can express the first term of equation (7) in terms of the coordinates
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Table 2

Eros’s harmonic coefficients Cnm, Snm, Cnm, Snm, Jnm, expressed at a reference radius

R0 = 16[km] (see Miller et al.., 2002) and the quantities χnm

n m Cnm Snm Cnm Snm Jnm χnm

2 0 –2.34688e-02 0.00000e+00 –5.24780e-02 0.00000e+00 5.24780e-02
2 1 0.00000e+00 0.00000e+00 0.00000e+00 0.00000e+00 0.00000e+00
2 2 1.27867e-01 –4.29823e-02 8.25380e-02 –2.77450e-02 8.70764e-02 80◦· 71
3 0 –5.29150e-04 0.00000e+00 –1.40000e-03 0.00000e+00 1.40000e-03
3 1 3.75420e-03 3.12834e-03 4.05500e-03 3.37900e-03 5.27832e-03 219◦· 80
3 2 5.24643e-03 –2.00840e-03 1.79200e-03 -6.86000e-04 1.91881e-03 79◦· 52
3 3 –7.41304e-02 -8.70174e-02 –1.03370e-02 –1.21340e-02 1.59401e-02 16◦· 52
4 0 4.30000e-03 0.00000e+00 1.29000e-02 0.00000e+00 –1.29000e-02
4 1 –1.11733e-04 1.43356e-04 –1.06000e-04 1.36000e-04 1.72429e-04 307◦· 93
4 2 –7.82400e-02 2.03124e-02 –1.74950e-02 4.54200e-03 1.80749e-02 352◦· 72
4 3 –5.33789e-03 –2.35938e-03 -3.19000e-04 –1.41000e-04 3.48772e-04 7◦· 94
4 4 8.32368e-01 –4.23070e-01 1.75870e-02 -8.93900e-03 1.97283e-02 38◦· 26

x, y and z of the quasi-inertial frame Re
A. We obtain the following equations of

motion:

ẍ=−Gm0x

r3
+

nmax∑
n=2

n∑
m=0

fx
nm(x,y,z,θ)−GmS

( x−xS
|r−rS |3

+
xS
r3S

)
,

ÿ =−Gm0 y

r3
+

nmax∑
n=2

n∑
m=0

fy
nm(x,y,z,θ)−GmS

( y−yS
|r−rS |3

+
yS
r3S

)
,

z̈ =−Gm0 z

r3
+

nmax∑
n=2

n∑
m=0

fz
nm(x,y,z,θ)−GmS

( z−zS
|r−rS |3

+
zS
r3S

)
,

where the functions fx
nm, fy

nm and fz
nm can be explicitly computed for any n and m.

For example, fx
43, fy

43 and fz
43 are given by

fx
22(x,y,z,θ) =

Gm0R
2
0

r5

{
6Cθ

22x+6Sθ
22y+

15x

r2
[Cθ

22(y
2−x2)−2xySθ

22]
}
,

fy
22(x,y,z,θ) =

Gm0R
2
0

r5

{
6Sθ

22x−6Cθ
22y+

15y

r2
[Cθ

22(y
2−x2)−2xySθ

22]
}
,

fz
22(x,y,z,θ) =

Gm0R
2
0

r5

{15z

r2
[Cθ

22(y
2−x2)−2xySθ

22]
}
,

(12)

where(
Cθ
22

Sθ
22

)
=

(
cos2θ −sin2θ
sin2θ cos2θ

) (
C22

S22

)
≡R2D(2θ)

(
C22

S22

)
(13)

and R2D(θ) is the rotation matrix of angle θ in two dimensions.
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Figure 1 compares the relative strengths of different forces acting on a satellite
orbiting Vesta and Eros. These include the monopole term of the gravitational in-
fluence from the oblate body (black), the body’s oblateness with contributions from
the coefficients J2 (green), J22 (red), J3 (blue), as well as the gravitational forces
from the Sun (yellow) and Jupiter (orange). Clearly, the perturbing effects induced
by Jupiter are negligible, so they are neglected in this study.

2.3. HAMILTONIAN FORMULATION

The Hamiltonian formulation provides a powerful framework for analyzing the
long-term evolution of perturbed orbits. By expressing the gravitational potential
in terms of action-angle variables, we can isolate secular and resonant terms that
influence orbital dynamics (Brouwer and Clemence, 1961). This approach allows us
to identify regions of stability and chaos, as well as critical resonances that govern
the behavior of particles in the system (Murray and Dermott, 1999). In addition, the
Hamiltonian approach is less expensive in computations.

When studying the evolution of the orbit over time, it is more practical to repre-
sent it in terms of the orbital elements Υ= (a,e, i,M,ω,Ω) of the satellite P , where
a is the semi-major axis, e – the eccentricity, i – the inclination, M – the mean
anomaly, ω – the argument of pericentre, Ω – the longitude of the ascending node. In
terms of the orbital elements Υ, the potential (10) becomes:

V =−Gm0

r
−

Gm0

a

∞∑
n=2

n∑
m=0

(
R0

a

)n

Jnm

n∑
p=0

Fnmp(i)

∞∑
q=−∞

Gnpq(e)Snmpq(M,ω,Ω,θ) ,
(14)

where Fnmp is the inclination function, Gnpq is the eccentricity function and Snmpq

is the trigonometric function (see Kaula, 1966, for detailed definitions). The values
of Jnm and χnm, up to degree and order 4, are given in Tables 1, 2 for the asteroids
(4) Vesta and (433) Eros.

The solar disturbing function can be expressed in orbital elements as (see
Kaula, 1962):

RSun = GmS

∞∑
l=2

l∑
m=0

l∑
p=0

l∑
h=0

∞∑
q=−∞

∞∑
j=−∞

al

(a∗S)
l+1

ϵm
(l−m)!

(l+m)!

×Flmph(i, i
∗
S)Hlpq(e)Glhj(e

∗
S)cos(φlmphqj),

(15)

where

Flmph(i, i
∗
S)≡ Flmp(i)Flmh(i

∗
S),

φlmphqj ≡ (l−2p)ω+(l−2p+ q)M − (l−2h)ω∗
S − (l−2h+ j)M∗

S +m(Ω−Ω∗
S),
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with the quantities ϵm defined as

ϵm =

{
1, if m= 0,

2, if m ∈ Z∗.

The functions Hlpq(e) and Glhj(e
∗
S) are the Hansen coefficients X l,l−2p

l−2p+q(e) and

X
−(l+1),l−2h
l−2h+j (e∗S), respectively (see Giacaglia (1976)).

Since the orbital elements are non-canonical variables, we use the Delaunay el-
ements (L,G,H,M,ω,Ω), defined in terms of the orbital elements Υ=(a,e, i,M,ω,Ω)
through the relations

L=
√
µ0a, G= L

√
1−e2 , H =Gcos i , (16)

where µ0 = Gm0. The corresponding Hamiltonian has the form:

H=− µ2
0

2L2
+H0(Υ,θ)+HSun(Υ,ΥS), (17)

where the perturbations caused by the oblate body and the Sun are

H0 = V +
µ0

r
, HSun =−RSun , (18)

θ is the rotation angle and ΥS = (a∗S ,e
∗
S , i

∗
S ,M

∗
S ,ω

∗
S ,Ω

∗
S) the orbital elements of the

Sun.
The associated canonical equations are:

Ṁ =
∂H
∂L

, L̇=− ∂H
∂M

,

ω̇ =
∂H
∂G

, Ġ=−∂H
∂ω

,

Ω̇ =
∂H
∂H

, Ḣ =−∂H
∂Ω

.

The series expansions in equations (14) and (15) contain an infinite number of
terms, generated by a multitude of possible combinations of angles in the argument
of the trigonometric functions. Among these terms, only a subset is significant for the
study of the dynamics of the infinitesimal body. According to the principle of averag-
ing, short-period terms are negligible if the analysis is conducted over a sufficiently
long timescale. Therefore, in orbit propagation, we shall average the Hamiltonian
(17) over the mean anomaly M and take the expansion of H0 up to degree n = 4,
while the expansion HSun up to l = 2. Although the resulted Hamiltonian provides
the evolution of the mean orbital elements rather than the osculating orbital elements,
on long-time scales, these elements describe the orbital evolution.
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Fig. 2 – Comparison between the Cartesian model (in red) and the Hamiltonian model (in blue). The
evolution of the orbital elements up to 200 years.

Figure 2 compares the Cartesian (in red) and Hamiltonian (in blue) formula-
tions for an orbit around Vesta. The initial conditions are a(0)= 9000 km, e(0)= 0.1,
i(0) = 20◦, ω(0) = 0◦, Ω(0) = 0◦ and the time span is 200 years. The orbital dynam-
ics is clearly depicted by mean orbital elements.

2.4. MILANKOVITCH ELEMENTS

Figure 1 shows that in the close vicinity of the central body the main perturba-
tion that influences the orbital motion of the satellite P is the asteroid’s oblateness,
while at increasingly larger distances from A, the attraction of the Sun becomes in-
creasingly relevant. Since all J22 terms are short periodic for far orbits from the
asteroid’s surface, in these orbital regimes the main perturbing effects are due to J2
and the Sun.

Therefore, to analyze the long-term behavior of distant orbits, we shall use a
double-averaged model, in which the perturbing functions are averaged over both the
mean anomaly of the satellite and the mean anomaly of the Sun, and in which the only
perturbations are due to J2 and the Sun. We shall use Milankovitch elements (see
Milankovitch, 1939) because for the considered model, this formulation allows us to
obtain some analytical results that characterize the evolution of the orbital elements.
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The model in question is obtained as follows. First, we notice that by retaining
only the perturbations due to J2 and the attraction of the Sun, the equation of motion
(5) reduces to

r̈+
µ0

r3
r=∇IU , (19)

where µ0 = Gm0, µS = GmS and U is the disturbing function

U =−µ0R
2
0J2

r3

(3
2

z2

r2
− 1

2

)
+µS

( 1

|r−rS|
− r ·rS

|rS |2
)
. (20)

Since r≪ rS , we only keep the terms up to degree l = 2 in the following expansion

1

|r−rS |
=

1

|rS |

∞∑
l=0

(
|r|
|rS |

)l

Pl(cosΘ) ,

where Θ is the angle between r and rS and Pl are the Legendre polynomials.
Then, taking the average over the mean anomaly of the satellite and the mean

anomaly of the Sun, we deduce that the doubly-averaged disturbing function has the
form (see Allan and Cook (1964) for more details)

U = na2U∗, (21)

with

U∗ =
ω0

(1−e2)3/2

(
1

2
(R ·RA)

2− 1

6

)
+ω1

(
1

2
(1−e2)(R ·RS)

2+e2
(
1− 5

2
(P ·RS)

2
))

,

(22)

where n is the mean motion of the particle and

ω0 =
3nJ2R

2
0

2a2
, ω1 =

3µS

4na3S(1−e2S)
3/2

. (23)

In (22), the unit vectors R and P correspond to the particle’s orbit, namely R is the
positive normal of the orbital plane, while P belongs to the orbital plane and points
in the direction of the pericenter. The unit vector RA is directed along the rotation
axis of the asteroid, namely RA = e3 = f3 (see Section 2.1), and the unit vector RS

is normal to the orbital plane of the Sun.
Finally, by taking the vectorial elements e and h defined by

e= eP, h= (1−e2)1/2R , (24)

the evolution of the orbital elements is described by the equations (see Allan and
Cook, 1964):

ḣ= h× ∂U∗

∂h
+e× ∂U∗

∂e
, ė= e× ∂U∗

∂h
+h× ∂U∗

∂e
. (25)
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The disturbing function U∗ can be expressed in terms of the vectorial elements h and
e as

U∗ =ω0

(1
2
(1−e2)−5/2 (h ·RA)

2− 1

6
(1−e2)−3/2

)
+ω1

(
1

2
(h ·RS)

2+e2− 5

2
(e ·RS)

2

)
.

(26)

3. LONG-TERM VARIATION OF THE INCLINATION OF CIRCULAR ORBITS

Following the work of Allan and Cook (1964), who investigated the dynamics
of distant circular orbits of Earth’s satellites, we analyze the long-term evolution of
the inclination of the orbits around asteroids. We adopt an analytical framework to
identify the key parameters that lead to large variation of the inclination of circular
orbits.

In this study, the regions of interest include the orbits whose semi-major axis
is larger than 8R0 and smaller than the Laplace radius of the sphere of influence

dL = ρ0

(
m0
mS

)2/5
, where ρ0 is the heliocentric distance of the asteroid. The sphere

of influence is a region surrounding a celestial body, where the body exerts the main
gravitational influence on an orbiting satellite, despite the presence of the much more
massive but distant Sun. The concept of sphere of influence was recently revisited by
Cavallari et al. (2023).

For the considered asteroids, the region of interest includes the orbits whose
semi-major axis is between 2 100 km and 39 000 km, in the case of Vesta and,
respectively, between 130 km and 360 km in the case of Eros. In such a region, the
main disturbing effects are due to J2 and the attraction of the Sun. Therefore, the
simplified model described in Section 2.4 provides a good preliminary (analytical)
overview of secular dynamics.

Because ∂U∗

∂e = 0 if the eccentricity e= 0 (see equation (26)), the second equa-
tion of (25) has the solution e(t) = 0 for the initial condition e(0) = 0. Therefore, the
initially circular orbits remain circular over time. In this case, the system of equa-
tions (25) reduces to a one degrees-of-freedom (integrable) problem characterized by
the equation

Ṙ=−ω0(R ·RA)(RA×R)−ω1(R ·RS)(RS ×R), (27)
where the signification of the constants ω0 and ω1, as well as of the vectors R, RA

and RS was given in Section 2.4.
In order to describe the evolution of the vector R (or, equivalently, the inclina-

tion i and the longitude of the ascending node Ω), let us first deduce the equilibrium
points of the problem.
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Identification of the equilibrium points of the dynamical problem (27) is effec-
tively a problem of eigenvalues and eigenvectors (see Allan and Cook (1964)). An
equilibrium position of the problem (27), let us denote it by V, is an eigenvector of
the tensor ω0RARA+ω1RSRS , that is

(ω0RARA+ω1RSRS)V = λV,

where AB is the dyadic product of the vectors A and B, and λ is an eigenvalue, that
can be found by solving the algebraic equation

det(ωARAR0+ω1RSRS −λI) = 0 .

Here, I is the idemtensor.
It is easy to see that one eigenvalue is null, let us denote it by λ1, λ1 = 0,

while the other two, namely λ2 and λ3 might be expressed in terms of the constants
ω0 and ω1. Denoting by λ2 and λ3 the other two eigenvalues and considering that
λ3 > λ2 > λ1, we express them as it follows:

λ1 = 0,

λ2,3 =
1

2

(
ω0+ω1∓

√
(ω0+ω1)2−4ω0ω1 sin

2 ϵ
)
,

where ϵ= i∗S is the obliquity, namely the angle between RA and RS .

Fig. 3 – The values (in degrees/years) of ω0, ω1 and of the eigenvalues λ2 and λ3 for the cases of the
asteroids Vesta (left) and Eros (right).

Figure 3 provides information on the rotational dynamics around the Vesta as-
teroid (left panel) and the Eros asteroid (right panel), respectively, showing the rela-
tionship between precession rates (ω0, ω1) and eigenvalues (λ2, λ3). In both cases,
we can observe that the precession rate ω0 dominates at smaller distances from the
asteroid, while moving farther from it, ω1 gains larger influence, highlighting the role
of external gravitational forces.

The eigenvectors corresponding to the eigenvalues λ1, λ2, and λ3, define the
orientation of the principal axes, denoted in the following as O1, O2, and O3, respec-
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tively. The axis O3 is confined to the plane spanned by the polar axis of the asteroid
(RA) and the normal to the Sun’s orbital plane (RS), forming an inclination angle α
relative to RA. This angle is determined by the relation (see Allan and Cook (1964)):

tan2α=
ω1 sin2ϵ

ω0+ω1 cos2ϵ
. (28)

The axis O1 is oriented orthogonally to the plane defined by RA and RS , while
O2 resides within this plane and is orthogonal to O3.

Because the unit vector R defines the orbital plane of the satellite P (namely
the inclination i and the longitude of the ascending node Ω), knowing the motion of
the vector R is equivalent to predicting the evolution of the orbital elements i and Ω.
In fact, because the orbit remains circular and the semi-major axis is constant, one
obtains the secular characterization of all elements.

The equilibrium solutions of (27), or equivalently, the equilibria in the (i,Ω)
plane, lead to two types of motions of R. Thus, the motion of the pole of the satel-
lite’s orbit R is constrained to lie on the unit sphere. The unit sphere is divided into
two regions by a pair of bounding planes. These planes are determined by the eigen-
values (λ1, λ2, λ3) of the system. The bounding planes separate the two regions
where the pole R can move. The first region is defined for λ3 > λ0 > λ2, when
the pole R encircles the principal axis O3. The second region appears in the case
λ2 > λ0 > λ1, when the pole R encircles the principal axis O1.

The half-angle between the bounding planes is the angular separation between
the two bounding planes and the principal axis O3. Mathematically, it is denoted as
1
2π−ϕ2, where ϕ2 is the angle between the principal axis O3 and the intersection of
the trajectory with the plane O1O3. This angle determines the “width” of the regions
on the unit sphere where the pole R can move.

The half-angle is related to the eigenvalues (λ1, λ2, λ3) of the system. Specifi-
cally, the half-angle is determined by the ratio of the differences between the eigen-
values:

tan(ϕ2) =
λ2−λ1

λ3−λ2
. (29)

The relationship between the angle α (the angle between the principal axis O3

and the asteroid’s axis) and the half-angle 1
2π−ϕ2 is determined by the geometry of

the system and the eigenvalues (λ1, λ2, λ3). Angle α affects the orientation of the
principal axes, which in turn affects the eigenvalues and the semi-angle.
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Fig. 4 – The evolution of the angle α and of the semi-angle γ = 1
2π−ϕ2 for the cases of Vesta (left)

and Eros (right).

Figure 4 shows the evolution of the angles α and γ and provides key informa-
tion on the orbital and rotational dynamics around Vesta (left panel) and Eros (right
panel). The increasing trend of α suggests a growing misalignment between the prin-
cipal axis O3 and a reference direction, with Vesta exhibiting a smoother transition
due to its more centrally condensed moment of inertia, whereas Eros, with its elon-
gated shape, introduces stronger perturbative effects in its vicinity (Chanut et al.,
2015).

The behavior of γ, defined as the half-angle 1
2π−ϕ2, highlights the constraints

on the rotational pole’s motion. For Vesta, γ reaches a peak before decreasing around
40R0 (around 8 000 km), while for Eros, around 15R0 (around 250 km), marking a
transition in the dominant dynamical effects. This peak corresponds to the region
where the interaction between the gravitational asymmetry of the asteroid and the
external torques is most significant (Scheidt et al., 2016). The subsequent decline of
γ at larger distances indicates a shift to a classical precession regime, where external
forces, such as solar gravitational perturbations, become dominant (Fahnestock and
Scheeres, 2008).

Fig. 5 – The location of the Laplace plane for the asteroids Vesta (left) and Eros (right).
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As stated above, determining the equilibria of the system (27) is equivalent to
solving an eigenvalue problem. Consequently, the dynamical system admits three
equilibrium positions, corresponding to the alignment of the orbital plane with the
principal axes. Two of these equilibria are stable, where the orbital plane aligns with
either the equatorial plane of asteroid (RA) or the ecliptic plane (RS), while the third
equilibrium is unstable, representing a saddle point configuration. As the normalized
orbital distance increases, the angle α exhibits a monotonic increase, indicative of a
progressive realignment of the principal axis O3 away from the asteroid’s polar axis.

At smaller distances, the stable equilibrium near RA dominates, reflecting the
strong influence of the asteroid’s oblateness. However, as the distance increases, the
stable equilibrium near RS becomes increasingly significant, reflecting the growing
influence of external perturbations.

Fig. 6 – The level sets for the case of Vesta: a = 6 000 km (top left), a = 9 000 km (top middle), a = 15
000 km (top right). The level sets for the case of Eros: a = 200 km (bottom left), a = 250 km (bottom

middle), a = 280 km (bottom right).

Within the (i,Ω) plane, the positions of these equilibrium points can be deter-
mined by analyzing the level sets of the Hamiltonian, as illustrated in Figure 6, in
which two distinct cases are presented: the dynamics around Vesta, shown in the top
panels, and the dynamics around Eros, depicted in the bottom panels. The level sets
reveal that stable equilibria are characterized by closed contours, indicating regions
of confined motion and orbital stability. In contrast, the unstable equilibrium is as-
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sociated with open or distorted contours, signaling its sensitive dependence on initial
conditions.

The amplitude of the librational islands is influenced by a variety of parameters,
including the orbital elements of the Sun, the gravitational coefficient J2, as well as
the mass and shape of the asteroid. Among these parameters, asteroid’s obliquity
emerges as a key factor.

The obliquity, defined as the tilt of the asteroid’s equatorial plane relative to its
orbital plane, plays a crucial role in shaping the librational dynamics. To characterize
this influence, we examined two distinct cases: Vesta, with an obliquity of 27◦ as
reported by Tricarico and Sykes (2010) and Eros, which exhibits an obliquity of 89◦

according to Souchay et al. (2003). Our analysis indicates that the obliquity stands
out as a fundamental parameter in understanding the structure and evolution of these
librational regions, influencing both their width and their stability.

In the (i,Ω) plane, two types of motion can be distinguished, namely librational
and rotational. The librational motion occurs when the system’s trajectory remains
confined around an equilibrium point, resulting in oscillations of the orbital elements
within a bounded region of the phase space. On the other hand, rotational motion is
characterized by the unbounded, monotonic variation of the angle Ω, as the trajectory
encircles the phase space without confinement. The nature of these motions can be
understood by integrating the vectorial equation (27), which can be reduced to a
set of equations analogous to the Euler equations governing the motion of a rigid
body. Through this reduction, the equilibrium positions, along with the amplitude
of the librational islands, can be derived using the analytical formulas (28) and (29).
These formulas provide a direct relationship between the orbital parameters and the
gravitational harmonics, providing a theoretical framework to predict the behavior
of the system without resorting to numerical simulations. The librational motion, in
particular, is of significant interest, as it reflects the stability of the orbit.

Figure 6 presents the level sets for the Vesta case (at a = 6 000 km, a = 9 000 km
and a = 15 000 km), top panels and for the Eros case (at a= 200 km, a= 250 km and
a = 280 km), bottom panels. For orbital motions around Vesta, the level sets at a =
6 000 km exhibit well-defined contours, indicating three equilibrium positions near
(Ω, i) = (0◦,α ≈ 3◦), (0◦,90◦), and (90◦,90◦), where external perturbative forces
are small. As the semi-major axis increases to a = 9 000 km, or even larger to a =
15 000 km, the third-body perturbations increase in magnitude and, as a consequence,
the inclination α of the Laplace plane tends to its maximum value of 27◦ (equal to
the value of obliquity), while the width of librational islands increases.

For Eros, up to some distance, α is very small (as can be seen in the right panel
of Figure 5, and the bottom left panel of Figure 6). But, with some larger values
of a, since the obliquity is large, α suddenly increases up to 89◦ (see the bottom
middle panel and the bottom right panel of Figure 6). As a consequence, the orbital
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inclination could exhibit high-amplitude excursions.

4. NUMERICAL SIMULATIONS

To validate the previous analytical analysis and to highlight the influence of
the large excursions of the inclinations on the evolution of the other orbital elements,
in particular the behavior of the eccentricity, we perform numerical simulations to
propagate the orbits of an infinitesimal particle around the asteroids Vesta and Eros
over extended time periods. We also highlight the role played by other perturbations,
namely the effects induced by J3 and the solar secular resonances. These simulations
incorporate the gravitational harmonics of the asteroids, as well as perturbations due
to the Sun.

Taking into account the effects of J3, the initially circular orbits do not remain
circular over time. Indeed, as effect of J3, eccentricity varies according to the formula
(see Galeş et al., 2025):

ė=−
3J3

√
µ0R

3
0

(
sin(i)+5sin(3i)

)
cos(ω)

32a9/2 (e2−1)2
. (30)

On the other hand, third-body perturbations are responsible for the occurrence
of secular resonances (see Hughes et al., 1980). For orbits not very distant from the
central body, the secular resonances depend only on the inclination and (for prograde
orbits) are located at i ≈ 460, i ≈ 560, i ≈ 63.40, i ≈ 690, i ≈ 730 and i ≈ 900 (see
Celletti et al., 2016, 2017; Galeş et al., 2025). The main effect of these resonances is
the large variation of eccentricity. Thus, a non-circular orbit (even if the eccentricity
is very small) might be located in the libration region of such a resonance and might
experience large excursions in eccentricity.

Therefore, the mechanism that leads to large variations in eccentricity of ini-
tially circular orbits is the following: as effect of J3, the eccentricity varies with small
amplitudes; the coupled effect of J2 and solar perturbations lead to large excursions
in inclination. Once the inclination reaches a value equal to one of the critical values
listed above, the orbit is influenced by a solar secular resonance and the eccentricity
starts to increase.

The analytical results presented in the previous Section and the mechanism
described above are confirmed by the Figures 7 and 8.

Figure 7 shows the orbital evolution of an infinitesimal particle around the as-
teroid Vesta for three cases: a = 6 000 km, a = 9 000 km and a = 15 000 km (while
e= 10−4 for all three situations). For all the situations the gravitational potential in-
cludes the harmonic terms J2, J3, and J4, ensuring that the complex shape and mass
distribution of Vesta are appropriately accounted for.
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Fig. 7 – Evolution of the orbital elements for the case of a particle orbiting Vesta, located at the
distances 6 000 km (left panels), 9 000 km (middle panels) and 15 000 km (right panels) with the

initial eccentricity e= 10−4. The pink and light blue thick lines represent orbits propagated using the
Cartesian approach and the thin lines are obtained by using the Hamiltonian formalism (considering

the harmonic terms J2, J3 and J4).

All three panels illustrate the evolution of the eccentricity (e) depending on the
time and the evolution of the plane inclination (i) - longitude of the ascending node
(Ω). Both Cartesian and Hamiltonian approaches are used to propagate the orbits and
the results show strong agreement, confirming the consistency and reliability of the
two methods.

For a = 6 000 km, we can notice that the eccentricity is not significanlty in-
creasing. Also in (i,Ω) plane, the dynamics is smooth, the librational islands are
clearly illustrated.

For a = 9 000 km, the eccentricity variations become more significant, reaching
up values close to 1 for some cases (when the inclination reaches a critical value
associated to asolar secular resonance). In the (i,Ω) plane the behavior is still smooth
enough.

At a = 15 000 km, the orbital dynamics become increasingly chaotic. The ec-
centricity undergoes large-amplitude oscillations, occasionally approaching values
close to 1, indicative of potential orbital escape. Similarly, the inclination varia-
tions are more irregular, but the stability zones in the phase-space diagrams are still
present.

Observational evidence suggests that Vesta does not currently host natural satel-
lites, but the short-term stability zones identified in this analysis provide a theoretical
framework for understanding transient orbital configurations.
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Figure (8) shows the evolution of the orbital elements for the case of a particle
orbiting Eros at a= 200 km, a= 250 km and a= 280 km (with the following initial
eccentricity values: e= 10−4 for the first case and e= 10−6 for the latter two).

Fig. 8 – Evolution of the orbital elements for the case of particles orbiting Eros, located at the
distances 200 km (left panels), 250 km (middle panels) and 280 km (right panels) with the initial

eccentricity e= 10−4 for the first case and e= 10−6 for the latter two. The pink and light blue thick
lines represent orbits propagated using the Cartesian approach (considering all 3 harmonic terms) and
the thin lines are obtained by using the Hamiltonian formalism (considering also the three harmonic

terms for a= 200 km and only the J2 term for the latter two figures).

For a= 200 km, the considered orbits are located in the regions dominated by
secular resonances, resulting in complex variations in eccentricity (e) over time. Ec-
centricity exhibits large oscillations, reaching values up to 0.8 during the integration
period. The inclination shows coupled variations with the longitude of the ascending
node (Ω), forming intricate phase-space trajectories.

For a= 250 km and a= 280 km, the orbital evolution becomes more chaotic.
The eccentricity oscillates within wider bounds, reaching a maximum of 1. Inclina-
tion variations are also more unpredictable, with i and Ω following more complex
and uneven trajectories.

A comparison of the three cases reveals a clear trend: as the semi-major axis
increases, the orbital dynamics becomes chaotic. As noted above, even for small
values of the semi-major axis, there exists a significant excursion of the eccentric-
ity values. Therefore, there exists no certainty that a particle orbiting Eros remains
around this asteroid. Consequently, Eros is not a suitable body to be able to possess
companions.
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5. CONCLUSIONS

The present paper presents a brief analysis of secular dynamics around aster-
oids with joint effects of oblateness and third body perturbations. Using both analyt-
ical and numerical tools, namely the Cartesian equations of motion, the Hamiltonian
formalism and the Milankovitch elements, we studied the evolution of the orbital
elements of various perturbed orbits around an oblate asteroid. Such an analysis pro-
vides the stability zones around an oblate body and the key parameters that influence
the orbital regimes. Therefore, to identify the stable regions around an asteroid, we
focused on the circular orbits.

Using a toy model, we presented an analytical study, which describes the long-
term evolution of the orbital plane of a satellite orbiting an asteroid. We found that
the evolution of inclination and longitude of the ascending node of satellite orbits
depends on many parameters, such as the orbital elements of the asteroid, its density
and shape, the zonal harmonics, the obliquity, etc. However, from this list, the pa-
rameter with the most relevant influence is obliquity. To underline this finding, our
work investigates the dynamics around two relevant asteroids: (4) Vesta and (433)
Eros, because of their different obliquity. Vesta’s obliquity is approximately 27◦,
while Eros’s obliquity is 89◦. At farther and farther distances from the asteroid with
a large obliquity, the width of librational regions in the (i,Ω) plane increases, leading
to larger and larger excursions of the inclination (see the bottom panels of Figure 6).

The analytical results are then validated by numerical studies by considering
more complete models that take into account additional harmonics, in particular, the
J3 term. It is known that the J3 perturbations induce variations of the eccentric-
ity. Although these are small, initially circular orbits will not remain circular. If
at some time the inclination reaches a value corresponding to a secular solar reso-
nance (depending only on inclination, see Celletti et al., 2020), the orbiting particle
is influenced by this resonance. The main effect of secular resonances is the large
variation of eccentricity. So, as long as the orbital inclination does not reach a value
corresponding to a secular resonance, the orbit remains stable in the sense that the
eccentricity does not increase over time. Otherwise, when the inclination undergoes
large excursions, the eccentricity could not remain small once a secular resonance is
reached.

We may conclude that Vesta could possess some companions (satellites or in-
finitesimal particles) even at large distances from its surface, as long as the inclination
is smaller than about 40◦. The reason is that the solar secular resonances (depending
only on the inclination) occur at inclinations larger than 45◦ and the inclination does
not increase over time (as described in Section 3).

However, in the case of Eros, the existence of companions is impossible at large
distances, let say at distances larger than 250 km (see the bottom plots of Figure 6),



21 Secular dynamics around asteroids 57

because the inclination of each orbit will reach at some time the inclination of a
secular solar resonance.
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