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Abstract. Given any two-dimensional potential F(x. y), we tind (if there exists , of 
course) without integ ration of the pertinent equation of motion a monoparametric 
family of orbits of the form f(x .y) = y + h(x) = c (whose members are shifted 

paraleli)' to the v-axis) traced by a unit mass material point. The main tool to this end is 
the nonlinear in y = f, .' fr second order partial differential equation of the inverse 

problem of Dynamics (Bozis. 1995). In general. a condition on the given potential is 
derived; in case this condition is fulfilled. the function y can be obtained as the common 
root of two polynomiaJ equations. In certain particular cases (isotach orbits. one
dimensional potentials) the differential equations become ordinary and the solution is 
found te completion in a different manner. 

Key words: monoparametric family of orbits - direct and inverse problem - isotach orbits . 

1. INTRODUCTION 

The two-dimensional inverse problem of Dynamics, as formulated by 
Szebehely (1974) aims to find aII potentials V(x. y) which can give rise to a given 

monoparametric family of curves f(x . y) = c traced in the xy Cartesian plane by a 

material point of unit mass . Szebehely's equation contains the energy dependence 
function E = E(f(x, y )), which must be known in advance. 
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A linear second order partial differential equation in V, involving only the 
potential and the family of orb its (not the energy dependence), was provided by 
Bozis (1984). This equation can be rearranged in order to face the direct problem, 
which consists in tind ing aII the mono parametric families created by a given 
potential. The result is a non linear second order part ial differential equation for a 
function y(x, y) = f I fx ' related to the slope ofthe orbits ofthe family.y 

The difficulties in solvi ng the non1inear partial differential equation are 
reduced when considering orbits or/and potentials of a spec ial type. Thus, Bozis 
and Stetiades (1993) and Bozis and Grigoriadou (1993) stud ied the case of 
homogeneous families of orbits produced by homogeneous pote ntia ls, reducing the 
problem to solving ordinary differentia l equations, wh ile Bozis et a l. (1997) 
obtained homogeneous families of orbits prod uced by inhomogeneous potentials 
by tind ing common roots of certain algebraic equations. 

The problem we face here is of similar nature. Out of aII fam ilies f (x, y) ::= c 
which a given potential V can create, to tind (if there exist, of course) those with 
equation f(x , y) = y + h(x) = c, in other words: to tind families with slope 

dy / dx = 1/ Y = h' (x) depe nding on ly on the variable x. Such families are 

actually plane Bertrand curves (Lipschutz, 1969). It turns out that , in general, the 
given potential must satisfy certain conditions. Then the families of orbits are 
obtained as common roots of a quadratic and a quartic equation. In some special 
cases the quadratic equation may vanish, so one has to deal only with the fourth 
order algebraic equation. There are potentials (one-dimensional or producing 
isotach orbits) for which it is necessary to work directly with the main equation (8) 
and to reduce the problem to solving ordin ary d ifferent ial equations. 

2. TH E SECOND ORDER PARTIAL DIFFERENTIAL EQUATION 

Suppose that the family of planar orbits 

f (x, y) = c (1) 

is traced in the inertial frame Oxy by a material point of unit mass under the action 
of a potential V = V(x, y). The "s lope" function for the family of orbits is given by 

: = -1 I Y, where 

(2) 

The function y is determined in terms of (1) and also is uniquely determining the 

family (1), so it can be referred to as the family of orbits. 
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The nonlinear partial differential equation (Bozis, 1995) relating compatible 
potentials and families of orbits can be written as 

(3) 

where 

3. SLOPE FUNCTIONS INVOLVING ONLY ONE VARIABLE 

We consider the case when the slope function depends only on the variable x 
(the corresponding case for y can be handled similarly), hence 

y = y(x) , (4) 

excluding the trivial cases of null y or y' . From now on y' denotes differentiation 

of y with respect ta the unique variable x. In this case 

ft x, y) = y + f~ = c, (5) 
y(x) 

and the corresponding potential can be obtained by quadratures (Grigoriadou et al. 
1999). 

Family (5) has been studied from the viewpoint of programmed motion also, 
i.e.: To tind compatible pairs of y (x) and V(x, y) so that the members of (5) are 

Iying inside a preassigned region of the xy plane (Anisiu and Bozis, 2000). It has 
been shown that, for adequate preassigned regions, this can be effectuated and that, 
in general, there is a unique pair {y(x), V(x, y)} . 

Each of the above orbits (5) is traced with total energy E given by 
Szebehely's equation which, in view of (4)-(5), reads 

1 + y2
E = V - --(Vx + yV),), (6)

2yy' . 

and allows for real orbits (5) in the region where E ~ V , i.e . in the region detined 
by the inequality 

Vx + yV)' 
--~ $ (7). O. 

yy' 

Our goal here is to check whether a given potential adopts families of orbits 
ofthe form (5). To this end we write the main equation (3) as 
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y"y = (2yVy - Vx)Y'+ V.xyy2 + (VXX - V.w)y- VX). 
(8)

y' Vx + yVy 

Denoting by 

P = Vyy + Vx� 
K = 2Vyy - Vx (9)� 

L = V.xyy2 + (VXX - V.w)y - V.xy'� 

we write equation (8) as 

y"y = (2yVy - Vx)y'+ VX),y2 + (Vxx - V.w)y - V).y 
(10)

y' Vx + yVy 

The expression P, originally factoring the left hand side of (3), can be identically 
equal to zero only if Ky'+L = O. This is possible (for y = y(x)) only in the 

uninteresting case V(x ,y) = const. In what follows we shall consider P :;:e O. 
Because the left hand side of equation (10) does not depend on y, by 

differentiating it with respect to y we obtain 

(II) 

Adopting for the partial derivatives the notation 

8i +iVv. . = i, j ' E {O,I,...}, 
IJ 8xi8yi' 

we can write (II) in the form 

Brl' = A3y3 + A2y2 + A1y + Ao, ( 12) 

where 

A3 = -V12VOI + V02VII 
A2 = V20V02 + V03VOI - V12VIO - V0

2
2 + VI~ - V21VOI 

AI = - V2IVIO+ VI2VOI + V20V) I + V03VIO - 2V02V) I ( 13) 

Ao = -VI~ + V12VIO 

B = 3(V02 VIO - VOI VII)' 

Comment: If the potential Vis such that B = 0, in order to have a function y 

compatible with it, it is necessary that the right hand side of (12) is also zero. As 
seen from the last of equations (13), this case leads to V02 / VOI = VI) / VIO with 

general solution 
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v = g(y + h(x)) , (14) 

where g and h are arbitrary functions of their respective arguments. 
To tind a necessary and sufficient condition which the given potential (14) 

must satisfy in order to be compatible with a family of the form (5) is a 
straightforward, yet very laborious and tedious task. (The idea is to consider the 

cubic equation A3y3 + A2y 2 + Aty + Ao = O and the cubic derived from it after 

differentiating with respect to y, obtain the common raot for y in terms of the 

potential and insert it into equation (3). Sixth order partial de rivatives of V(x, y) are 
expected to appear in the condition). · 

We prompt to say that potentials of the form (14) generate isotach orbits of 
the form (5). These orbits will be studied in Section 4. 

Solving (12) for yy', zeroing (yy')y and taking into account that P Ţ. O, we 

are left with a quadratic equation in y 

(15) 

the coefficients H 2 ' H] and H O = -H"2 containing derivatives of V up to the 

fourth order. The explicit expressions for the coeffic ients are listed in the 
Appendix. 

If. for the given potential, as generally expected, H "2 Ţ. O and H] Ţ. O, then 

equation (15) represents a necessary condition 50 that a solution y = y(x) exists. It is 

interesting to note that, in this case, we obtain a couple of mutually orthogonal families. 
If only one of H 2 and H] is zero, we obtain y = O or y = ±I , i.e. y' = O, 

cases excluded from the beginning. It may happen that both H 2 and H( are zero, 

in which case relation (15) becomes an identity. 
Using again equation (12), we obtain the expression of y as a ratio of 

polynomials in y 

, A3 y 3 + A2 y 2 + A]y + Ao = By (16)y 

Differentiating with respect to x both sides of (16), and substituting y' using (16) itself, 

we obtain /' as a ratio of polynomials in y . This value of y", as well as y' given by 

( 16), are then substituted in the main equation (10) and provide a quartic equation in y 

(17) 

The coefficients Ri , i = O,... ,4 , depend on the derivatives of V up to the fourth 

order and they are listed in the Appendix. Computer algebra packages, like 
Mathematica or Maple, are of great help in doing the calculations. 
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In case H 2 Ţ. O and H( Ţ. O, the function y(x) has to satisfy the two 

equations (15) and (17) . Therefore, the Sylvester determinant (Mishina and 
Proskuryakov, 1965) of the corresponding polynomials must be zero and this fact 
leads to a condition involving the derivatives of V up to the fourth order. 

If only one of H 2 and H) vanisheswe have no solution (with y, y' Ţ. O) for 

our problem. If H 2 = H 1 =. O, we are left with the quartic equation, which has to 

be solved; then the solutions y = y(x) (if any) are to be selected. 

After finding the slope function, one obtains the family of orbits (5) 
compatible with the given potential. 

Finally, if either VOI or are zero, we have B = O. Since the equationsVIO 

(15) and (17) were obtained for B Ţ. O, we treat this case on first grounds in 
Section 5. 

4. ISOTACH ORBITS 

Let the given potential be of the form (14). Then ali orbits (compatible with 
this potential) with y(x) = 1/ h' (x) are isotach, i.e. they are traced with constant 

magnitude of the velocity. Indeed, according to (5) and (14), the potential is of the 
form V = V(f{x. y )) and is kept constant along each orbitj{x. y ) = c. Thus, constant 
is also the kinetic energy of the moving unit mass. Isotach orbits have been studied 
by Szebehely (1963) and by Nahon (1964). 

For isotach orbits it is 

(18) 

Taking into account our restriction to orbits with y depending merely on x. 

from (18) we prepare VX)" V)J' and express them in terms of V and r: ' Then we x u 

insert these expressions into equation (3) and obtain the ordinar:' differential 
equation in y = y(x) 

y" 2(y2 _ l) y' - = --'-''---'-'- . (19) 
Y y(y2 + 1) . 

The meaning of the above equation is the following: if the function h(x) in 

the ziven potential (14) leads to a function y(x ) = _1_ satisfvinz ( 19). then ' the 
~ h' (x) - ~ . 

orbits corresponding to this y(x) and produced by any potential of the form (14 ) 

(i.e. with arbitrary g) are isotach . 

The general solution of (19) is 
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(20) 

where cI' c2 are arbitrary constants and the subscript zero denotes the principal 

branch ofthe multivalued funct ion arctan y . 

The relation (20) does not permit us to express the function y(x) (and, 

con sequently, the co rresponding family y + h(x) = c) explicitl y in closed form. Yet 
we know that y(x) can be defined as the inverse of the monotonie function 

x = x(y) . 

In spite of (and because of) the abo ve obstacle, we can find the tota lity of 
isotach orb its of the form (5) in parametric form (Bozis and Borghero, 1998 ; 
Anisiu and Pal, 1999) by the following reasoning: 

From (20) we get x = x(y ,cl,c2) ' and from (5) y = c - h(x) = c - H(y) , 

where H(y) = h(x(y)) . We require, of course, that dh / dx = 1/ y, i.e. 

(dH/dy)(dy/dx) = 1/ y , which, by virtue of the general so lut ion (20), leads to 

dH / dy = 2y /[cI (l + y2 )2 ], or 

(21 ) 

where Co is a new (superfluous) constant, which may be put equal to zero. 

We conclude that, for any defi nite pair of constants cI' c2 ' the equations 

1 y 
x = -(arco tany - -'- - c?)

cI 1+ y2  (22) , 
v=c -+- 1 
. c I (l -+- y2) 

give, in parametric form, a monoparametric fami ly of isotach orbits of the form (5) 
produced by any potential (14) V = V(c) . Varyi ng along eac h orb it of the family is 
the parameter y, wherea.s the parameter c varies frorn orbit to orbit. One can check 

from (22) that indeed, as expected, dj / dr = - 1/ y. 

5. O~E-DiMENSIONAL POTENTIALS 

.. '~:: As we mentioned at the end of Section 3, if the given potential is one
dimensiona l (either V = V (x) or V = V(v)) , the case needs to be treated separate ly. 
The question is if suc h a potential is compatible with a famil y of orbits of the form 
(4)-(5). It will be shown that the totali ty of these families can be found, in both 
subcases treated below: 
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a) For V = V(x) equation (8) can be written as 

y" y' V 
- + - - --E. = O. (23)
y' Y Vx 

A first integration of (23) leads to 

(24) 

where ko is a constant. 

For any given potent ial V = V(x), fro m (24) we obta in 

y(x ) = ±(koV( x) + k l ) J/ 2 , (25) 

where k1 is a second constant, the orb its be ing rea l in the region koV(x) + k, ~ O. 

Therefore, in this case, the tot ality of orbi ts (a th ree-parametr ic set) is of the form 

(5). Each orbit is traced with tota l energy E =-(1 + k) / ko given by equation (6). 

Inequaliry (7) becornes 2! k; ::; O, so we have real orbits only for kc <, (, . they 

being allowed in the region of the xy plane defined by the strips V(x) ::; -k, / ko. 
(See also Exarnple 4 of Section 6.) 

b) For V = V(v) eq uation (8) becomes 

vv" V' II . Y.Y2y--, =V' (26) 
Y )' 

Evidently, each side of equ ation (26) has to be a constan t, say bo :;t: O. (For 

bo = O it is easily seen that the potentia l V = VoY produce s the three-parametric 

family of parabolas f(x, y) = y + co(x + c J) 2 = C described in the entire plane 

for Voco > O with en ergy E = Voc + Vo /(4co) .) 

In what follows we shal\ omit in the potentia l an addit ive constant, but we 
shall include the rnultiplicative constan t to tak e care of the allowed region of 

motion (Bozis and Ichtiaroglou, ]994). Fro m ~l) ' / ~v = bo :;t: O we find 

V(y ) = bl exp(boY) (27) 

and from the differential equ at ion 2y - tt" / y'= bo we find its first integral 

(bo - 2y') / y2 = bo / <o (where <o :;t: O, ± ro is a new constant), OI' 

dy = ~dx . (28 ) 
Co - y2 .' 2co 

---------------.,..---------.....---
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(For c = ±co it is found that each potential (27) creates the family 

y + (2 1bo) Inlx + b2 1 = c , traced, wi th the energy E = -(lI 4 )b)b'6 exp(cbo) , 

everywhere in the xy plane if b,« O.) 
Further integration of (26) depends on the sign of the constant Co . Thus : 

bd For <o < O, from (28) we obtain y = ~tan{[b~ 1(2~)]x + cd 
and the corresponding three-parametric family 

f(x ,y) = y + b2 
In sine ~x + cI) = c. (29) 

o 2 - <o 

The orbits (29) are traced with total energy E = b) (1 + co) exp(boc) and, according 

to the inequality (7), are traced in the entire xy plane for b,« O. 

b2) For Co > O, from (28) we obtain y = ~ tanh [bo1(2~) + cI] and the 

family 

f(x, y) = y + -; In sinh( bl:- x + cI) = c , (30) 
O 2vco 

parametrized by the constants co, cI> c . 

The total energy is E = -b(1 + co)exp(boc) and the orbits are traced in the 

entire plane for b l > O. 

In both subcases, equations (29) and (30) are of the form (5) and represent 
the totality of orbits traced in the presence ofthe potential (27). 

6. EXAMPLES 

Example 1. For the potent ial 

34 4 î 6V (x . v ) = -x + v ..;. (I 1: - -x (x + 4 )
'. 4 .- :," 8 ., ) 

we have H "2 ;ţ O. H 
J 

;ţ O; the calculations show that the two equations (15) and 

(17) have, indeed. a common root. This is y(x) = x3 / 2. 

Example 2. The potential 

8V(x, y ) = 8y 2 + 4x4 y - x - 6x 2 

gives H 2 = H, = O. Equation (15) is an identity and the only suitable (i.e. 

compatible with the give n p otential) solution of the quartic (17) is y(x) = x 3 12 . 
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Comment: We note that the potentials in Examples 1 and ~ produce the same 

famil y of orbits y - 1/ x 2 = c , of the form (5). However , members of this family 

which are real orbits of each potential are Iying in different regions of the xy plane 
(Erdi and Bozis, 1994). For the potential in Example 1 the allowed region is g iven 

by y:s: x~ /8 - I / V4x2 , each orbit being described with total energy E = c , 

while for that in Example 2 the allowed region is given by y :s: x 4 /4 + 1/ 2x 2 
, the 

total energy being E = 8 c 2 . 

Example 3. For the potential 

V(x, y) = (4x 2 + 1)(x2 - y) 

we have also H 2 = H 1 = O, but since R4 = O, equation (17) is now of the third 

order and has compatible root y(x) = 2x corresponding to thefamily 

y + (1/2) In Ix I= c . 

The orbits ofthe family are described in the region y ~ x 2 with energy E = O. 

Example 4. For V(x) = - 1/ x 2 , x > O, from the formula (25) we obtain 

y = ±(k] - ko / x 2 Y/2 and 

(31 ) 

Jnequality (7) gives that 2/ ko :s: O, i.e. ko must be negative so that (31 ) 

represents real orbits. lf k] > O, the family (31) is defined everywhere; if k l < O. 

the family is defined in the strip O< x < (k o / kl )1 /2. In both cases the total energy 

is E = -(1 + k]) / ko. 

Example 5. For the potential 

V(x,y) = y3 + x 4 y 2 + x 2 

there is no compatibility with a family of orbits with y = y(x) . because the 

quadratic and the quartic have no common solution. 

7. APPENDlX 
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H I = -1'011'031'12 + 1'011'121'21 - 1'011'221'11 + 1'0,1'041'" - 1'031'021'1 1 - 1'041'021'10 

- 1'201'021'12 + VO~VIO - 1'211'031'10 + 1'221'021'10 + 1'20 1'031'1' + VO} V12 

R4 = 4V20V02Vj2VOI - Vj ,V02V03VOJ + 3V2IVO~VjO - 5V02Vj IVj2VjO - 3V22VO'V02VjO 

+ 1'2 1V02VO'Vj 1 + 5V02Vj1 + VJ2Vj, - 5Vj2VOJVj1 + 3V22V6iVj, + 5Vj}Vo1Vjo 

+ V03V<fIVj2 - 4V21V021Vj 2 - 4Vj IVO~V20 - V<f2Vj2 VOI 

R - 2 v,2 v, 2 41'2 2 4 4 ~V2 1'2 3v, 2V 2 4V, V, V. v:3 - 21'201'111'02 - 03 OI - 21VOI + 51'11 - 1'02 +:> 12 10 - 02 II + 03 Il 02 10 

+ 5V~2V20 + 21'211'111'021'10 - 1'201'111'121"0 - 3V22VI~V02 - 2VO~VI2VI0 + 3V30VO~VI0
 

-4V2~VO~ -1'121'101'201'02 +V03VI~VOI + 31'3 IVc?i VI1 -4V2IVI~VOI +31'221'101'011'1 1� 

+ 5V2IVO~V03 + 2VI~Vc?i - 31'-î3VO~VII - 51'031'101'121'01 + 21'211'101'121'01 - 5VOV/2I VOI� 

- 31'311'011'021'10 + 31'131'011'021'10 -IOVI2VIOVI~ + 2Vd2V03VOI + 31'021'121'011'11� 

- 3 V30VO:YOIVI 1 + 8 1'21VO IV20V02 - 51'03VOI 1'20 1'02� 

R, = -6V2 J VO~ VI O + 9 VII VO~ V2 0 + 3VO}VI2VOI + 61'21Vt?i 1'12 - 3 1'031'0
2
11'12 - 3Vl~ VO I VIO
 

- 31'221'0
2
1VII + 6VI 2 VO I VI ~ + 61'021'111'121'10 - 61'201'021'121'01 + 3VIIV02VO) '01� 

'V v: fi" ". 6V V 2v: 61/ fi" T/ 2 • 6T/ T/ 1'2 ~T/ V2 T/ ~I T V2 J'� 
-.) 2102'01'11 + 211012 - 21'10 '11 7 ' 03' 10 11 - .)' 31 10' 02 +.) 1310 02 

2- 6V03VliVI2 - 3 1'211'101'01 - 3 V30 VI ~ VO I - 61'201'111'12 1'10 + 31'221'011'02 1"10� 

+ 31'301'11 1"021'10 + 31'21 1'10 1'201'02 + 31'201'-îl 1'21 VOI - 3 1'031'20 1'011'11 - 9 1'02J~ {
 

- 3V~2 VII + 6V201'1{� 

R] = IOV2 I 1'I0 1'I ~ + Vi2 VI21'-î0 + V03VI~VOI + 3V22VI~ V02 + 2 V2IVI ~VO I + 3V2 0VI ~ V02 
2'/ v:2v: " T/4 " 1'2v,2 -IT2V 2 1/ 2 v:2 ~v. 2 v:2 1'2 v:2 T/' 2 11' 2 - ,. 03 10 21 - :> , 11 - -, 12 OI - ) I2 10 + 20 11 -.) 02 11 + 21 10 + '0 3 10 

- V03 J~IV02 1~(t + 5V02Vl21'OI VII - 3V22VI0 1'OI VI I - 51'21 VI 11'021'10 - VI 2VIOV20V02 

- 4V20VIIVI2VOI - 2 V03 VIOVI2 VOI + 2V03VIOV20V11 + 51'211'101'1 21'01 - 2V21VI OV2CYI I 
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