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Abstract. A method for determination of preliminary elements of the light-time orbit in the case of variable stars (both pulsating stars belonging to binary systems and eclipsing binary systems) is proposed.
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1.  LIGHT-TIME  EFFECT  AND  HARMONIC  ANALYSIS

According to the well-known light equation (e.g. Kopal 1978) the ephemeris of a variable star (either pulsating star or eclipsing binary system) revolving in its absolute orbit around the barycentre of the variable star - unseen companion system, is
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As it is already known, this expression features the light-time effect (hereafter L-TE). Eq. (1) could be written in a more convenient form using the elliptic motion expansion (e.g. Kopal 1978, but with slightly different notations)
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where



[image: image3.wmf]c

/

,

P

P

e

h

t

t

p

p

j

g

+

=

G

G

=

w

t

+

=

1

sin

)

(

0

0

0

0

0

,
(3)

and we truncated the series at Kth order. We also used the following notations 
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In the above equations we denoted: 
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= initial epoch; 
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P

= unperturbed (principal) period of the variable star light variation; 
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= baricentric radius vector of variable star; c = speed of light; 
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 (constant) = radial velocity of the variable component barycentre with respect to the observer (at rest) (
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); 
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= inclination of the normal to orbit plane on the line of sight; νn = true anomaly; ω = longitude of periastron; 
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= projection of the semimajor axis of the variable component absolute orbit on the line of sight; e = orbital eccentricity; Tp = time of periastron passage; Ps = orbital period of the variable star barycentre around the common barycentre variable star - unseen companion system. 

2. FIRST  GUESSES  OF  THE  ORBITAL  ELEMENTS  

THROUGH  FOURIER COEFFICIENTS

On the basis of the above parameters determined through harmonic analysis of the 
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 curve it is possible to estimate the values of the orbital elements of the variable component absolute orbit in the hypothetical binary system. We mention that a general approach of the 
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 curve modeling based on a semi-empirical model (an ephemeris containing a polynomial term and a multiperiodic one) was given by Pop (1996) (see also Pop et al. 1996).

A first method for solving this problem, proposed by Kopal (1978), requires the terms corresponding to the fundamental frequency and its first harmonic (Eq. (2)) as well as the first order approximation in expressions of the functions 
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. A second one is that used by Borkovits and Hegedüs (1995, 1996), which is similar with Kopal’s method, but, in addition, it uses the second harmonic in Eq. (2) and second order approximations of 
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 expressions.

In order to find first guesses for preliminary values of the orbital elements, in what follows we present another approach of this problem (Pop 1998). By analogy with the way of definition of structural parameters of pulsating star light curves, on the basis of their Fourier coefficients (Simon and Lee 1981), we shall consider the amplitude ratios (see also Eqs. (4) and (5))
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(8)

As one sees, these are dimensionless quantities depending only on the actual values of eccentricity and periastron longitude. Note that the range of these orbital parameters are (see Eq. (5)): e
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(0, 0.9], ω
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[0º, 90º), where we had in mind the fact that ω appears as sin2 ω and cos2 ω.

In these conditions, determination of the best estimates for e and ω can be performed by searching for that pair (e, ω(, which minimizes the quantity (e, ω)
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The significance of 
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 is obvious: it represents the distance in the K-dimensional space of the considered parameters, between the observed and calculated points (see Section 3). In Eq. (8), 
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(k = 2, …, K) is defined using the amplitudes appearing in Eq. (2), while 
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 are those defined in Eq. (8). Note that in the present approach it is possible to take into account arbitrary values of 
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 in Eq. (2). 

The search can be performed strictly in an exhaustive manner, by exploring the above mentioned ranges of variation for the two orbital elements with adequate step values, e.g. 
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º. This method has the important advantage of avoiding the identification of spurious local minima of the response hypersurface associated to the objective function (9).

These preliminary values allow us to compute the values of 
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 and a sin i, as well as those of semi-amplitude of the radial velocity curve
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and mass function
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where G is the gravitational constant (see e.g. Binnendijk 1961).

The proposed method has two major advantages: (i) the values of 
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 can be computed using as good as needed approximations for 
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; (ii) according to the scattering in the 
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curve, one can adopt a convenient number of terms in the Fourier polynomial (2): smaller (e.g. 2), if data are noisy and larger in case of a quite smooth 
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 curve. Obviously, the use of a too large number of harmonics, in case of a noisy curve, leads to an undesirable influence in the high frequency components of the (hypothetical) L-TE signal. It consequently may lead to erroneous values for the estimates of the orbital elements. An other pathological situation is that featured by an orbital motion in which are involved non-negligible non-keplerian effects (for the case of triple stellar systems see e.g. Söderhjelm 1975, 1982, 1984; Mayer 1988, 1990). As it is well known, true perturbations in the mean longitude induce a long-period modulation in the extremum light times. The involved periodicity is the same that of the orbital motion. As a consequence, in the frequency domain (i.e. in the 
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curve amplitude spectrum), the peaks corresponding to the Keplerian orbital motion will be strengthen.

In order to obtain the preliminary values of the whole set of orbital elements, two other interdependent steps are necessary: (i) the removal of the ( + n (( / 2), (n = 0, 1, 2, 3), uncertainty affecting the determined value of (; (ii) the determination of the time of periastron passage. With this goal in view, we propose the following algorithm based on the formal equivalence between the L-TE and the arbitrary periodic ephemerides. The L-TE ephemeris (1) can immediately be written in the form
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In this equation, 
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 is a constant term which “corrects” the initial epoch representing the distance, projected on the line of sight, between the binary system barycentre, situated in one of the elliptic orbit foci, and its center (see also Irwin 1952). The last term in Eq. (12) is the time-dependent one (through eccentric anomaly 
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). It corresponds to the truncated Fourier series in the periodic ephemeris (2).

On the basis of the equivalence between these ephemerides, and having in view that at periastron passage the time-dependent component has a deviation from the linear ephemeris given by
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(
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being the corresponding radius vector projection on the line of sight), it is possible to estimate the values of 
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. Their identification may be performed through an optimization procedure also using an exhaustive search. In order to do this, one must run through the following steps:

(i) From the whole data set one selects a time interval (expressed by means of 
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) having a length equal to that of an orbital period 
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(ii) One considers the value of 
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 in the first quadrant and then one computes the corresponding value of 
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(iii) In the selected time interval one searches that value of 
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 for which the 
[image: image54.wmf]C

O

-

 curve computed on the basis of the model (2) (see also Eq. (12)) reaches the closest value from that of 
[image: image55.wmf]p

t




[image: image56.wmf]=

t

-

t

p

p

n

)

(

min.,
(14)

in which 
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 denotes the time-dependent part of the L-TE ephemeris;

(iv) One computes the corresponding value for the time of periastron passage
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Of course, 
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actually represents the closest minimum light time to the time of periastron passage;

(v) Using the set of estimates for the orbital elements (
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. At the same time, one computes the corresponding sum of squared residuals
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or, better, the sum of the squared deviations between the observed 
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The steps (i)-(v) must be repeated for the other values of the periastron longitude corresponding to the other three quadrants. Finally, one retains that set of parameters (
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The preliminary values of the orbital elements must be improved, e.g. through the method of differential corrections (DC). The reason for performing such a procedure is emphasized by the definition of amplitude ratio (15). Thus, taking into account the set of (Rk1(k = 1, …, K  values corresponding to all possible combinations, those caused by L-TE (defined by Eq. (8)) constitutes a subset of it. Therefore, we may say that the set of (Rk1(k = 1, …, K  values corresponding to all possible combinations of (e, (( pairs constitutes the set of symptoms which defines the “L-TE syndrome”. From this viewpoint the parameter 
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 (Eq. (9)) gives a quantitative measure of the deviation of the observed phenomenon features from those of L-TE. The application of an optimization procedure to the preliminary orbital elements could remove a possible wrong interpretation of Fourier coefficients as being caused by L-TE. If this hypothesis is correct, and the level of the discussed perturbing effects in the 
[image: image76.wmf]C

O

-

curve is not too high, then the improvement process will be convergent. 

3. APPLICATION

In order to test our method, we shall present the results obtained by us in the case of the Algol binary system AB Cassiopeiae (Pop 1998). A detailed analysis will be published elsewhere. According to our above quoted study, the long term alternate behaviour of AB Cas 
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 curve can be described by an arbitrary periodic ephemeris containing the fundamental term as well as the first and the second harmonics related to long periodicity of 43 years. Our attempt to interpret this modulator signal as being due to a possible orbital motion led us to the results displayed in Table 1. 

Table 1

Comparison between the values of the orbital parameters obtained through 

Kopal’s (1978) method and that presented in this paper


Kopal’s (1978) method
Present paper

a sin 
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1.786 AU
1.998 AU

e
0.47
0.51
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157.4º
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2427697
2443187

We determined first guesses of the corresponding orbital elements using Kopal’s (1978) method and our above described method. The differences between the first three parameters are due to the different numbers of harmonics took into account by these methods as well as to the accuracy in the series involved in Eqs (5). We have to mention that the difference between the estimated values of the time of periastron passage is a consequence of the difference between the considered approaches in order to determine this parameter.
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In Fig. 1 we illustrate the “L-TE syndrome” on the basis of the same results. The “calculated” points have been obtained using Eq. (8) with (5), for values of eccentricity and longitude of periastron belonging to the following intervals 
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e

[0.01, 0.91] and 
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w

[0º, 89º]. The set of all “calculated” points describes, in a graphical manner, the “L-TE syndrome”.

Fig.1 – Illustration of the notion of L-TE syndrome in the R21 - R31 plane.

4. CONCLUDING  REMARKS

In order to investigate the hypothesis of the existence of an unseen companion of a variable star, we proposed a method for deriving first guesses of the values of orbital elements, based on the formal equivalence between the L-TE ephemeris and an arbitrary periodic one. Our method has the following advantages: (i) it is able to take into account an arbitrary number of harmonics in the ephemeris describing the alternate behaviour of the 
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 curve; (ii) it is possible to use as good as needed approximations of 
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 expressions (see Eqs (5)); (iii) the frame of our approach allows us to define a parameter (
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, see Eq. (9)), which is able to feature in a quantitative manner the deviation of the observed 
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 curve shape from that which is due L-TE.

In order to test the Fourier amplitudes, corresponding to the detected spectral components (in the case of a multiperiodic period modulation phenomenon), from the viewpoint of their causality relation with a hypothetical orbital motion, we have to apply the proposed method (Section 2) separately, for each periodicity. Then, we must try to improve the preliminary orbital elements using an optimization procedure, e.g. the DC method.
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