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Abstract. Tumbling asteroids belong to a group of objects, whose angular velocity
vector is unaligned with any of its principal axes of inertia. This rotation state leads to
challenges when modelling a spacecraft’s orbit around these bodies. In this work, we
refine a previous study on this topic, concerning asteroid (99942) Apophis during its
close encounter with the Earth in 2029. We analyze the orbital behaviour of a space-
craft orbiting the asteroid during this event by including the effects of the changes of
orientation of the spin axis of the asteroid, depending on two sets of initial conditions.
We analyze the global dynamics of the spacecraft around the target using three ap-
proaches, MEGNO, PMap, and Time-Series prediction. We limited our work on the
equatorial plan choosing critical initial conditions of the span orientation of the target.
We confirm that no spacecraft with natural orbits (orbits without control) could survive
the high perturbations caused by the close encounter with our planet.

Key words: Celestial Mechanics – Dynamical astronomy – Minor planets – Asteroids:
individual (Apophis).

1. INTRODUCTION

The near-Earth asteroid 99942 Apophis is a small 387 meters body with a mass be-
tween 4.4 and 6.2×1010 kg (Brozović et al., 2018; Pravec et al., 2014; Müller et al.,
2014). This asteroid is classified as potentially dangerous in the future and it will ex-
perience a close encounter with Earth on 2029 April 13, at about 38 000 km from the
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Earth’s center*. However, impacts with our plants have been ruled out for the next
100 years†. A mission that places a spacecraft in orbit around (99942) Apophis just
before the close encounter with our planet would be very important because, for the
first time, it could make close-up observations of an asteroid during a close encounter
with our planet, which can change the orientation of the spin axis of the target, as well
as its shape. In fact, the encounter of Apophis with our planet excites dynamically
the motion of any particle located in a zone around the asteroid, possibly causing its
collision or escape from the target, as shown by Aljbaae et al. (2020). In this last
study, possible changes of orientation of the spin axis of the target were neglected.
On the contrary, in this paper, our aim is to provide a more complete dynamical anal-
ysis of an orbiting spacecraft including these changes. Notice that Apophis is well
known to be in a moderately tumbling rotation state (Pravec et al., 2014), and that
the Earth gravitational potential will affect significantly the spin state of the target
(Scheeres et al., 2005; Souchay et al., 2018). The shape of Apophis (Pravec et al.,
2014) that we used in this work is perfectly oriented along its principal axes of inertia
(Aljbaae et al., 2020), which means that the axis of the figure and the angular mo-
mentum axis are coinciding, which agrees with the assumption of the asteroid rotates
in a short-axis mode, that was used in Souchay et al. (2018) to estimate the changes
of the angular momentum axis of Apophis. These changes were calculated starting
from the two fundamental parameters representing the motion of the Apophis axis in
space. These parameters are ε, the obliquity angle between the orbital and equatorial
plane of the asteroid, and ψ, the precession angle, which expresses the motion of the
ascending node of the equator with respect to the orbital plane (Fig. 1).

In this paper, we aim at characterizing the effects of the changes of the spin axis
and rate of (99942) Apophis on the motion of a spacecraft orbiting the asteroid. Our
work is divided as follows. In Sec. 2 we use the equations of motion of Souchay et
al. (2018), to recalculate the extreme amplitudes of the effects of the close approach
on the Apophis spin axis, according to the range of adequate initial conditions. Then,
a complete dynamical model of a spacecraft in orbit around the target is presented
in Sec. 3, where we take into account these last effects. In Sec. 4, we calculate the
specific effects of the changes of the spin axis of Apophis on the orbit of the space-
craft, depending on two sets of initial conditions. In Sec. 5, we consider the full
set of perturbations to characterize the dynamical evolution of a spacecraft around
Apophis. We investigate a new approach based on Time-Series Prediction with Ma-
chine Learning to identify non-chaotic regions. We compare the results of this new
approach to those we obtain from PMap (Sanchez et al., 2017; Sanchez and Prado ,

*https://ssd.jpl.nasa.gov/sbdb.cgi?sstr=APophis;orb=0;cov=0;log=0;cad=1#cad
†https://www.jpl.nasa.gov/news/nasa-analysis-earth-is-safe-from-asteroid-apophis-for-100-plus-

years
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Fig. 1 – Parametrization of the spin axis of Apophis before and after the close encounter. ε and ψ are
the obliquity and precession angles, respectively.

2019) and MEGNO (Cincotta and Simó , 2000) methods using nearby orbits.
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2. VARIATIONS OF THE APOPHIS SPIN AXIS

Pravec et al. (2014) used a large set of lightcurves observations to determine the
rotational state of Apophis. Their conclusion was that the brightness of Apophis
did not repeat with a single period, but it showed the characteristics of a slightly
tumbling rotational state. Using a 2-period Fourier series method, they found two
components, the main one, with period P1 = 30.56h, which corresponds to a leading
rotation component around the SAM (Short Axis Mode) and a secondary one with a
period around P2 = 29.05h, but with relatively large uncertainty. Pravec et al. (2014)
mentioned other values fit to the data. The best fit for P2 was obtained with a period
of 29.05 h, but there were other periods that gave only slightly poorer fits; the au-
thors mentioned the periods of 32.2 h and 27.5 h. Nevertheless, the amplitude of the
wobble around the SAM is rather small, between 20◦ and 25◦, which characterizes
a moderate excitation. Whatever the amplitude of the wobble during the 2029 close
encounter will be, we considered that during the fly-by the rotational angular rate
of the asteroid remains constant. That is certainly not real but the estimation of the
amplitude of these variations looks like an open question and out of the scope of this
work. We concentrate on the relatively large changes due to Earth’s gravity during
the close encounter.

Scheeres et al. (2005) estimated the changes in the spin-state of Apophis by con-
ducting Monte-Carlo simulations modelling the asteroid as a tri-axial ellipsoid with
a length-to-width ratio of 1.4. More recently, Souchay et al. (2018) used the classi-
cal theory of the rotation of the Earth, originally developed in Kinoshita (1978), to
calculate the variations of the orientation of Apophis angular momentum axis dur-
ing the close encounter due to the tidal deformation associated with the gravitational
potential of our planet. The authors used the physical characteristics of the aster-
oid from Pravec et al. (2014). Souchay et al. (2018) showed that the values of the
spin axis orientation parameters just before the encounter should be bounded in the
intervals [10◦ - 100◦] for λ0 and [10◦ - 70◦] for ε0, according to the observational
data from Pravec et al. (2014). They tested numerous initial values of (λ0, ε0) and
showed that the asteroid could undergo dramatic changes in obliquity (ε) and longi-
tude of the ascending node (ψ). The formulas leading to the determinations of these
changes are given in 6. In this work, we choose to follow the study of Souchay et al.
(2018) to determine the minimum and maximum values of the amplitudes of changes
of the orientation of the spin axis and investigate the effects of these changes on the
dynamics of a spacecraft in orbit about Apophis during the close encounter. The
minimum and maximum values of the variations are obtained for the pairs (λ0, ε0)
= (19.7◦, 60.9◦) and (96.4◦, 20.6◦), respectively, as they are shown in Fig. 2. Our
results are slightly different from the ones found by Souchay et al. (2018), because
we use a slightly different and more recent set of physical parameters of the asteroid,
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determined by Brozović et al. (2018).

Fig. 2 – Minimum (left column) and Maximum (right column) variations of the orientation of Apophis
spin axis.

3. DYNAMICAL MODEL

In the following, we investigate the motion of a spacecraft in orbit around Apophis
by taking into account the variations of the spin axis of the target during the close
encounter, as calculated and described above. The equations of motion used here
are referred to an inertial reference frame with origin at the centre of mass of the
asteroid, with two axes along the J2000 ecliptic plane. As done in Aljbaae et al.
(2020), we consider the asteroid as a cloud of 3996 point masses, corresponding to
the number of faces in the Brozović et al. (2018) shape model to calculate the gra-
dient of its gravitational potential. For a complete discussion about the validation of
this gravitational potential modelling see Aljbaae et al. (2020). To reach the accu-
racy of the orientation and distance from the Earth to Apophis provided by the JPL’s
HORIZONS ephemerides‡, we take into account the gravitational influence of the
Sun, the eight planets, the Moon, Pluto, and the three largest asteroids, Ceres, Pallas,
and Vesta. The initial conditions for all the bodies are provided by JPL’s HORI-
ZONS ephemerides on March 1, 2029. We used the Runge-Kutta 7/8 integrator with

‡https://ssd.jpl.nasa.gov/?horizons
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variable step size, optimized for the accuracy of 10−12, to record the orbit every 30
seconds. Our determination for the minimum distance during the encounter is 37723
km, which fits very well with the value of 37728 km given by HORIZONS. The dif-
ference between our model and HORIZONS of 5 km is about 0.01% of the minimum
distance Earth-Apophis. That makes a difference in the gravitational potential of the
earth on the centre of our target of order 4.95×10−22 cm s−2. That is really negligi-
ble comparing to the surface gravity of the asteroid (0.0023 cm s−2). We tested our
Integrator compares the orbits of all the planets in the solar system with Horizon and
found very satisfactory results in a short integration period of some months, we just
presented the minimum distance as an indicator of the precision. However, integrat-
ing for more time will certainly generate bigger errors because we did not consider
the same perturbations as the Ephemeris (Such as relativistic perturbations, J2 of the
sun and other plants ... etc.). That is out of the scope of our work and is no needed
for such a short time. The gravitational potential of the Earth and of the Moon are
expanded using the spherical harmonics up to degree and order 4, as implemented
in Sanchez et al. (2017) and Sanchez and Prado (2014). Our dynamical model also
includes Solar Radiation Pressure (SRP), as described in Beutler (2005), applied
only on the spacecraft. We apply this effect for an OSIRIS-REx-like spacecraft with
a reflectance of 0.4 and a mass-to-area ratio of 60 kg.m−2. The short period of our
integration does not imply any non-gravitational perturbation on the asteroid. Thus
the equations of motion for a spacecraft close to (99942) Apophis are given by:

r̈ = Ur +
14∑
i=1

Gmi

( ri− r
|ri− r|3

− ri
|ri|3

)
+

PE +PM +νPR (1)

where, r is the position vector of the spacecraft in the inertial frame of reference,
ri and Gmi are the position vector and gravitational parameter of the ith body, with
G = 6.67259× 10−20 km3kg−1s−2. PE and PM are, respectively, the acceleration
due to the gravitational potential of the Earth and of the Moon, described by the
spherical harmonics up to degree and order 4. νPR represents the acceleration due
to the direct radiation pressure considering the shadowing phenomenon, as described
in our previous work (Aljbaae et al., 2020). Ur is the gradient of the gravitational
potential of asteroid, calculated from a sum of 3996 points after rotating the shape
Pravec et al. (2014) about the origin, in terms of longitude and obliquity. Here,
we considered fixed rotation period Pω = 27.38 h and the precession period Pψ =
263 h as mentioned in Brozović et al. (2018). However, the estimation of these
periods during the close approach with our planet is still an open question and should
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be considered in future studies. In order to orientate Apophis with respect to our
reference frame, we apply a sequence of rotations that can be represented as follows:

Rz(
2π

pψ
t+λ0+∆ψ)

Rx(ε0+∆ε) (2)

Rz(
2π

pω
t+∆ω)

where, Rx and Rz are the rotation matrix about the x-axis and z-axis, respectively.
∆ψ,∆ε, and ∆ω are the variations of the Apophis axis as calculated in the previous
section. Here, we suppose that the shape of the asteroid and the periods pω, pψ do
not change significantly during the Apophis/Earth close encounter. However, this is
one of the limitations of our work. The estimation of these changes is still an open
question that needs to be investigated.

4. EFFECTS OF THE SPIN AXIS VARIATIONS ON AN ORBIT AROUND APOPHIS

In this section, we investigate the specific effects of the variations of orientation of
Apophis spin axis on the orbit of the spacecraft. We consider here the initial values
for the minimum and the maximum of these variations, as outlined in section 2. As
we are concerned here by the very short time interval of the close encounter, that
is to say, a few hours, we do not take into account the gravitational effect of the
other bodies of the Solar system and SRP. They are omitted just to isolate the effects
of the changes of the Apophis spin axis. Here, we restricted our study to an initial
circular retrograde orbit along the equatorial plane of the asteroid (i= 0◦), by testing
successive values of the semi-major axis (a0) of 0.45, 0.5 and 1.0 km. As already
mentioned, we consider the asteroid as a cloud of 3996 point masses (Aljbaae et
al., 2020). This approach will generate bigger errors very close to the surface of
the asteroid with a0 < 0.45 km. Thus we need a higher-precision model for orbits
very close to the surface such as the classical polyhedral approach (Werner , 1997;
Tsoulis and Petrović, 2001), which is out of the scope of this work. Our results are
presented in Fig. 3. We can notice that the minimum spin variations (λ0 = 19.7◦, ε0
= 60.9◦) generate bigger effects on the orbits than the maximum spin variations (λ0
= 96.4◦, ε0 = 20.6◦), as discussed in Sec. 5. Table 1 lists the peak-to-peak amplitude
of the variations of the orbital elements in each case, as well as the minimum and
maximum period of significant components calculated by the fast Fourier transform
(FFT). We remark that these effects are considerably attenuated as the orbit is away
from the asteroid, as shown in Fig. 4, where we plot the peak-to-peak amplitudes of
the variations of semi-major axis (∆a) and of the eccentricity (∆e) of the spacecraft
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Table 1

Effects on a, e and i of the changes of Apophis spin axis during the Earth close encounter, on orbits

with a= 0.45, 0.5, 1.0 km. All the other orbital parameters are fixed to 0.

λ0 = 19.7◦, ε0 = 60.9◦ λ0 = 96.4◦, ε0 = 20.6◦

amp. Min. period. Max. period amp. Min. period. Max. period
(days) (days) (days) (days)

a0 = 0.45 km
∆a (km) 0.2155 0.3306 3.5644 0.0570 0.1265 6.8571
∆e 0.4045 0.1576 10.1408 0.1394 0.1265 6.3158
∆i(◦) 11.6476 0.1680 1.3433 6.5521 0.3784 2.6471

a0 = 0.50 km
∆a (km) 0.2047 0.1266 2.5043 0.0474 0.1265 6.0251
∆e 0.3004 0.1540 9.1139 0.0953 0.1265 5.6031
∆i(◦) 16.3133 0.1308 1.9726 4.5566 0.1265 1.4076

a0 = 1.00 km
∆a (km) 0.0221 0.1472 2.0870 0.0075 0.1266 3.0316
∆e 0.0374 0.1265 2.5760 0.0125 0.1265 1.5352
∆i(◦) 3.2891 0.1290 0.1386 0.3560 0.1265 1.5047

due to the variations of the spin axis, as a function of the initial value of the semi-
major axis. We remark that the values are quite different according to the initial
conditions for the Apophis spin axis orientation.
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a0 = 0.45 km

a0 = 0.50 km

a0 = 1.00 km

Fig. 3 – Effects on a, e and i of the changes of Apophis spin axis during the Earth close encounter, on
orbits with a= 0.45, 0.5, 1.0 km. All the other orbital parameters are fixed to 0.
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Fig. 4 – Peak-to-peak amplitudes of the variations of semi-major axis (∆a) and eccentricity (∆e) of a
spacecraft due to the variations of the spin axis of Apophis, with respect to the initial value of the

semi-major axis.
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5. STUDY OF THE ORBITAL STABILITY

In this section, we carry out a qualitative analysis of the orbital stability of a space-
craft around Apophis before and after the close encounter with the Earth. We test
the two extreme cases of initial conditions of Apophis spin orientation described in
Sect. 2, that is to say (λ0, ε0) = (19.7◦, 60.9◦) and (96.4◦, 20.6◦), referred hereafter as
Spin-1 and Spin-2. We consider the full set of perturbations on the spacecraft, men-
tioned in Sect. 3. We use equation 1 to describe the 60-days motion of the spacecraft
around Apophis. The initial conditions of the planets are generated by HORIZONS
and set on March 1, 2029. Thus, our 60 days time span covers 43 days before the
close encounter and 16 days after. This period was chosen to give the spacecraft
enough time to maneuver before the close encounter. In Fig. 5, we show the final
states of the orbits integrated for 40-days (top panels) and 60-days (bottom panels).
An orbit is considered to characterize an escape from the asteroid when the distance
from its centre becomes 3 times larger than the Apophis Hill sphere which is about
34 km. It is considered to characterize a collision with the central body when the
particle crosses a 3D ellipsoid of radius 0.235 × 0.189 × 0.176 km. We notice that
the large majority of the orbits (∼ 95%) collide or escape from the system just after
the close encounter with our planet, whereas the totality of orbits are bounded before.
This confirms the conclusion of Aljbaae et al. (2020). We also remark that the initial
Apophis spin orientation slightly affects the distribution of the colliding and escaping
orbits. This demonstrates that it has to be taken into account for the computations.

In Fig. 6, the level of perturbation after a 40-day integration is characterized by the
peak-to-peak amplitude (∆a) of the variations of the semi-major axis. Moreover, we
observe that the less perturbed region generated by the case with Spin-1 initial con-
ditions is by far more extended than the one generated by Spin-2. This should come
from the irregularity of the projection of the shape of the asteroid on the spacecraft
orbital plane. The least perturbed orbit in each case is shown in Fig. 7, which corre-
sponds to ∆a=∼ 2 m for Spin-1 and ∆a=∼ 35 m for Spin-2. It is worth mentioning
that the two initial conditions of the spin of the asteroid considered in this work will
generate two independent dynamical conditions according to the projection of the
shape of the asteroid on the spacecraft orbital plane. Thus, the phenomenon that
happens for one condition can be applied of the other.

As noted earlier in this section, the large majority of orbits, integrated for a 60-days
time interval, collide or escape because of the close encounter between Apophis and
our planet. Indeed, the heavy perturbed system of a particle surrounding Apophis
under the influence of the Earth tends to produce by far more chaotic than regular
orbits after the encounter. In order to investigate the phase space structure of the
orbits, we apply the following three different methods of analysis.
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Fig. 5 – Characterization of the orbits around (99942) Apophis for 40 days (Top) and 60 days
(Bottom) time span starting from March 1, 2029.

Fig. 6 – Variation maps of the semi-major axis coming from the ensemble perturbations on the real
system of Apophis before the close approach with the Earth.

5.1. USE OF THE MEGNO ALGORITHM

In this subsection, we apply the discrete-time version of the Mean Exponential Growth
factor of Nearby Orbits developed by Cincotta and Simó (2000). In this method, a
global dynamics insight is obtained by calculating the average of the relative diver-
gence of the orbit using the following expression (Mestre et al., 2011)
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Fig. 7 – Less perturbed orbits around Apophis before the close approach with our planet.

MEGNO =
2

T

T∑
k=1

k ln

(
δ(k)

δ(k−1)

)
(3)

where, δ(k) represents the deviation vector in the phase space, and T is the total
time of integration. Each iteration is building up over 30 seconds from 1 to 60 days.
Our results are illustrated in Fig. 8. The larger MEGNO values correspond to a
higher degree of chaos and a higher chance of instability. We notice that there are
some isolated regions (in dark blue colour) where the spacecraft can maintain quasi-
periodic orbits. Some straight lines appear in the map, which could indicate some
type of resonance in the system. However, studying these resonances is out of the
scope of this work.

Fig. 8 – MEGNO dynamical maps for the spacecraft orbits around the Apophis system.
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5.2. PERTURBATION MAP OF TYPE II (PMAP)

In this method, we calculate the Perturbation Maps of type II, as presented in Sanchez
et al. (2017); Sanchez and Prado (2019) and Sanchez et al. (2020). The perturba-
tions of energy undergone by the spacecraft are measured according to the following
expression.

PIii =
1

T

∫ T

0
⟨a, v

|v|
⟩dt, (4)

where, a is the acceleration due to all perturbations to Keplerian motion about Apo-
phis, v is the velocity of the spacecraft, T is the final time of the numerical inte-
gration. In this approach, the value of PIii gives a good indication of the variation
of energy caused by the perturbations. For instance, the blue zone in Fig. 9 corre-
sponds to a negative value of the integral, which indicates a loss of energy and, as a
consequence, a decreasing semi-major axis, which could lead to a collision with the
asteroid. However, not all collisional orbits have a negative value of this integral. If
the orbit collides after about ten days of integration, the integral value is positive, as
we will see later. We notice that the zone with negative values of PIii is compatible
with the smallest MEGNO values shown in Fig. 8. In fact, MEGNO is a tool prin-
cipally devoted to detecting chaos, and after 10 days of integration, the trajectories
may not present chaotic behaviour, even if they are highly disturbed as shown by the
PMap algorithm. In other words, we can conclude that the PMap method can provide
more information close to the central body than the MEGNO method.

Fig. 9 – Perturbation maps of type II (PMap) for a spacecraft orbiting around Apophis.
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5.3. TIME-SERIES PREDICTION

Unlike the previous two methods, time-series prediction does not use the nearby or-
bits. It relies on computational intelligence in Time-Series forecasting to predict the
behaviour of the distribution of orbit coordinates based solely on the past-patterns.
We built our model using PYTHON language, KERAS (Beutler , 2005), and TENSOR-
FLOW frameworks (Abadi et al., 2016). The method consists in using a sequence of
random variables to create a model fitted to historical data and to apply it to predict
the future. The dataset for each orbit consists of 6 features (positions and velocity),
recorded every 30 seconds. Each feature has values with varying ranges different
from others. Thus, we normalize all the feature values between 0 and 1 before train-
ing a neural network. The first 90% of the points in each orbit (54 days) are used
to train the model and predict the position of the spacecraft during the last 6 days of
the orbit. The Earth encounter happened after 43 days of the integration, Thus our
training included 11 days after the encounter. In this way, we guaranty that pertur-
bation of the close is among our training data. In each orbit, we have 172800 points,
155520 of them in our training data. That is more than enough to predict the rest
of the 18280 points in each orbit. To optimize the performance, our model collects
data for the first 12 hours (1440 observations), which are sampled every 2.5 minutes.
The positions after 15 observations are used as a label. Our training is interrupted
when the validation loss is no longer improving. More details about the method are
presented in the Keras documentation pages available at https://keras.io/. Then, we
calculate the area between the predicted and real data (A). The smaller the area, the
more predictable the orbit, which makes the spacecraft mission much easier to be
mapped and planned out. In Fig. 10 we present an example of a bounded orbit and
an orbit undergoing an escape after about 45 days, considering both the Spin-1 and
Spin-2 conditions.

The Forecasting map using the area A normalized between 0 and 1 is presented in
Fig. 11. From Figs. 8, 9, and 11 we notice that the three methods investigated here
are conceptually compatible. Although the results are quite similar after a0 = 5.0
km, it seems that PMap shows more details for the orbits closer to the asteroid. For
instance, taking the two neighbouring orbits (a0 = 0.5, e0 = 0.12) and (a0 = 0.6,
e0 = 0.12), we notice that the first orbit collides with the asteroid after 21 days,
while the second one survives the 60-days integration (Fig. 12). These orbits are
stated in the PMap in a different category taking the values of 0.8 m/s and -0.45 m/s
per year, respectively. However, they are represented by close values in the MEGNO
and Time-Series prediction maps.
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5.4. COMPARISON OF THE THREE METHODS

Finally, we evaluate the coherence between the three methods presented above, using
the Pearson correlation coefficient (Pearson , 1895), which measures a linear rela-
tionship between two given variables, denoted by the standard formula presented in
Carruba et al. (2021), where the authors identified the similarity between four chaos
indicators: the Fast Lyapunov exponents (Froeschlé and Lega , 2000), MEGNO, the
frequency analysis method (Laskar , 1990), and the auto-correlation function (Car-
ruba et al., 2021). The Pearson correlation coefficient always ranges from -1.0 (anti-
correlation) +1.0 (correlation). As the value is close to 0 there is an independence of
the variables. Our results are presented in Fig. 13. We found that the PMap and the
Time-Series methods are highly correlated.
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Fig. 10 – Example of a regular (Top panel) and an irregular orbit (Bottom panel)
for a spacecraft orbiting around Apophis with the area between the predicted and real data.
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Fig. 11 – Forecasting maps using the Time-Series prediction for orbits around Apophis.

Fig. 12 – Example of two neighbours orbits in the system of Apophis.
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Fig. 13 – Correlation matrix for the three methods used to investigate
the phase space structure associated to Apophis.
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6. CONCLUSIONS

In this work, we investigated the dynamics of a spacecraft orbiting around asteroid
(99942) Apophis during its 2029 close encounter with the Earth, considering the
dependence on the initial conditions of the rotation of the target. We used the dy-
namical model developed in our previous work (Aljbaae et al., 2020), for which we
represented the gravitational field of the asteroid by a cloud of 3996 point masses
system distributed inside a polyhedral shape derived from Brozović et al. (2018). We
applied the method of Souchay et al. (2018) to determine the changes of Apophis’
spin state due to the terrestrial torques during the close encounter. In a first step, we
explored the impact of this phenomenon on the dynamics of a spacecraft orbiting
around the asteroid, considering two cases of initial spin orientation, corresponding
respectively to the minimum and maximum values of the spin variations during the
encounter.

We showed that this orientation can influence significantly the behaviour of the or-
bital motion of the spacecraft. In a second step we carried out a 60-days integra-
tion ranging 43 days before and 16 days after the encounter and studied the depen-
dence of the stability of orbits with respect to the initial value of the semi-major
axis. We found that the very large majority of cases, the spacecraft undergoes a col-
lision or escapes due to the perturbation caused by the close encounter, whereas it
shows in all cases a very stable orbit before. Then we applied three different meth-
ods i.e. MEGNO, PMap and Time Series Forecasting to characterize in a deeper way
the degree of stability or chaoticity of the orbits. The Time-Series Forecasting is used
do classify orbits based on a relationship between the difficulty in the prediction and
the stability. Using this method, we isolated the most predictable orbits that could
be a stable ones in the system. A good correlation was found between this approach
and MEGNO (Cincotta and Simó , 2000) or the Perturbation Map (PMap) of type II
(Sanchez et al., 2017; Sanchez and Prado , 2019). However, we showed that PMap
provides more information for orbits close to the central body. That could come from
the short integration time of 60 days considered in this work. The objective of this
paper is no more an attempt to help to the preparation of a hypothetical future plan
for a mission around Apophis, than to carry out a realistic analysis of the interesting
problem of celestial mechanics dealing with the dynamical behaviour of a spacecraft
around an asteroid undergoing the gravitational effects caused by a close encounter
with the Earth.
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APPENDIX 1: THE VARIATIONS OF APOPHIS AXIS

In this appendix, we present the variations of the precession in longitude (∆ψ), obliq-
uity (∆ε), and rotation angle (∆ω) of the asteroid, as presented in Souchay et al.
(2018)

∆ψ =
3GM⊕
2a3ω

Hd

∫
cosI

(
a

r

)3(
1− cos2(λ−h)

)
dt−

3GM⊕
2a3ω

Ht

∫ [(
a

r

)3(
2cosI cos2(l+g)

)
−(

1+cosI)cos2(λ−h− l−g
)
+(

1− cosI)cos2(λ−h+ l+g
)]
dt

∆ε =
3GM⊕
2a3ω

Hd

∫
sinI

(
a

r

)3

sin2(λ−h)dt+

K ′
∫

cosI

(
a

r

)3

sinI sin2(l+g)dt+

3GM⊕
2a3ω

Ht

∫
1

sinI

(
a

r

)3[
(1+cosI)2 sin2(λ−h− l−g)+

(1− cosI)2 sin2(λ−h+ l+g)

]
dt−

3GM⊕
2a3ω

Ht

∫
cosI

sinI

(
a

r

)3[
(1+cosI)2 sin2(λ−h− l−g)−

(1− cosI)2 sin2(λ−h+ l+g)

]
dt

∆ω =
2πk2

0.334∗T0

∫
M⊕
Ma

(
a

r

)3(
sin2 δ− 1

3

)
where M⊕ = 5.972×1024,Ma = 5.310×1010 kg are, respectively, the mass of the
Earth and the mass of Apophis, k2 is the Love number of the asteroid. An arbitrary
value of 0.25 was chosen following the theoretical discussions of the static and dy-
namic Love numbers of asteroids (Jacobson and Scheeres , 2011; Efroimsky , 2015).
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T0 = 30.4 h is the nominal value of the rotation period, estimated from the rotation
light-curves (Pravec et al., 2014). a = 37725 km is the minimum distance between
the geocenter and Apophis during the 2029 encounter. r is the distance Apophis-
Earth. l,g and h are the Andoyer rotational angles. I and λ are, respectively, the
obliquity and longitude angle of the Earth centre with respect to the direction of the
Earth at its minimum distance (see Fig. 1). δ is the declination of the Earth with
respect to Apophis equatorial plane (sinδ = sinI sinλ). ω is the spin rate of the
asteroid. Hd =

2C−A−B
2C and Ht =

B−A
4C are constants related to the dynamical flat-

tening and tri-axiality of Apophis. A, B and C are the moments of inertia along the
principal axis of the asteroid (Aljbaae et al., 2020). More details on these equations
can be found in Souchay et al. (2018, 2014a,b)
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Cincotta, P. M., Simó, C.: 2000. A&A Supplement Series 147, 205-228.
Efroimsky, M.: 2015. The Astronomical Journal 150.
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