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Abstract. We aim at providing a preliminary approach on the dynamics of a spacecraft
in orbit about the asteroid (99942) Apophis during its Earth close approach. The phys-
ical properties from the polyhedral shape of the target are derived by assigning each
tetrahedron to a point mass in its center. That considerably reduces the computation
processing time compared to previous methods to evaluate the gravitational potential.
The surfaces of section close to Apophis are build considering or not the gravitational
perturbations of the Sun, the planets, and the SRP. The Earth is the one that most affects
the investigated region making the vast majority of the orbits collide or escape from the
system. Moreover, from numerical analysis of orbits started on March 1, 2029, the
less perturbed region is characterized by the variation of the semimajor axis of 40-day
orbits, which do not exceed 2 km very close to the central body (a < 4 km, e < 0.4).
However, no regions investigated could be a possible option for inserting a spacecraft
into natural orbits around Apophis during the close approach with our planet. Finally,
to solve the stabilization problem in the system, we apply a robust path following con-
trol law to control the orbital geometry of a spacecraft. At last, we present an example
of a successful operation of our orbit control with a total4v of 0.495 m/s for 60 days.
All our results are gathered in the CPM-ASTEROID database, which will be regularly
updated by considering other asteroids.

Key words: Celestial Mechanics – Dynamical astronomy – Minor planets – asteroids:
individual (Apophis).

1. INTRODUCTION

The asteroid (99942) Apophis was discovered 16 years ago, on June 13th. 2004
(Smalley et al. (2005), cf. MPEC 2004-Y25). Soon after this discovery, its orbit was
a particular subject of several investigations. First simulations, badly constrained,
leading to a hypothetic impact with the Earth in 2029, which although being quite
improbable, could not be completely rejected. Then the hypothesis of impact with
our planet was rejected after more and more rigorous orbital simulations were carried
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out (Sansaturio and Arratia, 2008; Bancelin et al., 2012). Nowadays, after numerous
refinements on the determination of initial conditions and orbital simulations, it is a
well-established fact that (99942) Apophis will pass at a distance of ∼ 38,000 km,
roughly six planetary radii, from the Earth’s center, on April 13th, 2029. Note that
the asteroid will drive particular attention in the future, for other close encounters
with our planet that are scheduled to occur in the XXIth. century. In addition to
the dramatic orbital changes caused by the 2029 close encounter with the Earth,
complementary studies were oriented towards two objectives: first, the study of the
Yarkovsky effect, which has to be taken into account for post-2029 refined orbital
models (Bottke et al., 2006; Giorgini et al., 2008; Chesley et al., 2009); second, the
modeling of important changes of rotational parameters, as the rotation rate and the
orientation of the axis of rotation (Scheeres et al., 2005; Souchay et al., 2014, 2018).

In this paper we orientate our study towards an additional field of investiga-
tions: in a first step we determine the polyhedral shape and the gravity field of
Apophis and, in a second step, we study the behavior of a test particle close to the
asteroid, mainly perturbed by the gravitational action of the Solar system planet-size
bodies and the Solar Radiation Pressure (referred as SRP hereafter) during the 2029
close encounter. The period of our study is 60 days, this is small enough to ne-
glect the acceleration resulting from the Yarkovsky on Apophis or the test particle.
Apophis appears to be in a state of non-principal axis rotation (tumbling). During the
exceptional close approach, the tidal stresses and torques may cause resurfacing or
reshaping of the body. However, this still a completely unknown interaction and very
difficult to predict. The exceptional close approach of Apophis will allow scientists
to closely study the effects of tidal forces on the asteroid, altering its spin or disrupt-
ing its shape. As a preliminary step to propose a rendezvous mission to Apophis,
we neglected the possible changes of the spin of the target and tried to approach a
realistic analysis during the close approach. However, addressing this issue will be
fundamental in future studies. In Sect. 2 we gather the necessary information to
model the polyhedral shape of Apophis, from which we construct a gravity model
representing the asteroid as a sum of 2024 points. In Sect. 3 we build the surfaces of
section in a body-fixed frame. Sect. 4 concerns the specific case of the 2029 close
encounter with the Earth, for which we model the modifications of the surfaces of
section established in Sect.3 and by taking into account the SRP, we deduce the equa-
tions of motion of a test particle surrounding the asteroid, during the close approach.
In Sect. 5, as an application of our inversions, we identify the less perturbed region
around Apophis suitable to place a spacecraft around the asteroid. To compensate
all the perturbations in the Apophis system, we apply orbital correction maneuvers
in Sect. 6. Finally, a general presentation of our CPM-Asteroid (Close Proximity
Motion relative to an Asteroid) database is presented in Sect. 7, which enables one
to acquire insights into the orbital dynamics of a spacecraft near the asteroid (99942)
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Apophis.

2. APOPHIS SHAPE MODEL AND GRAVITY FIELD

To derive our model, we first describe some physical properties of Apophis,
based on its polyhedral shape, considering a uniform density. We then consider a
cloud of point masses (ideal spheres), which reproduces the total mass and moments
of inertia of our target, as well as its gravitational field.

2.1. PHYSICAL PROPERTIES

Müller et al. (2014) observed Apophis with the Herschel Space Observatory
Photodetector Array Camera and Spectrometer (PACS) instrument and classified the
target as a Sq-class object most closely resembling LL ordinary chondrite meteorites.
The author considered an Itokawa-like density (ρ= 1.75±0.11 g/cm3 (Lowry et al.,
2014)) and estimated a mass (M ) between 4.4 and 6.2×1010 kg.

Our research focused on the real Apophis polyhedral shape obtained from ex-
tensive photometric observations by Pravec et al. (2014) and available in the 3D
Asteroid Catalogue∗ website. The authors showed that Apophis rotation is retro-
grade with a spin period of 30.4 h. According to Durech et al. (2010) and Hanuš et
al. (2017), the photometry alone cannot provide information on asteroid sizes. Note
that, concerning the asteroid (216) Kleopatra, Descamps et al. (2011) showed that,
although its shape appears to be correct, the difference in the dimensions obtained
from radar shape reconstruction and photometry can reach 20%. Moreover, Chanut
et al. (2015b) found that the behavior of the zero velocity curves and the dynamics
differ substantially if one applies a scale-size of 1.15 relative to the original shape of
(216) Kleopatra. For that reason, we started our work by checking if the dimension of
the reconstructed shape of Pravec et al. (2014) corresponds to the observed diameter
(Müller et al., 2014). We determine the coefficient (γ), which links the volume of the
polyhedral shape (V ) with the mass (MP = V ρ) to be compatible with the mass (M ),
when considering the Itokawa-like density (ρ). In other words, we choose suitable
coefficients that multiply the coordinates x, y, and z of the shape to find the polyhe-
dral volume compatible with the mass and density estimated from the observation.
We found a scale-size of γ= 0.285±0.158 relative to the polyhedral shape derived
from Pravec et al. (2014), that must be applied to obtain a mass of 5.31∓0.9×1010

kg and a diameter of 0.387 km. Recently, Brozović et al. (2018) used the radar data
to improve the shape of Pravec et al. (2014). The authors obtained a shape with 2000
vertices and 3996 faces. We also found a scale-size of 1.152 should be applied to
obtain the mass and density already mentioned (Table 1).
∗November 2019, https://3d-asteroids.space/asteroids/99942-Apophis



244 Safwan ALJBAAE et al. 4

Table 1

The volume of (99942) Apophis with its correction coefficients relative to mass (2nd column) and

density (5th column). The corrected diameter is displayed in the sixth column.

Compatibility of Vol. with Diameter Diameter shape
Mass Density (Original) (Corrected)

Compatible Coefficient Compatible Coefficient km km
NO 0.285∓0.158 NO 0.285+0.0062

−0.0057 1.358 0.387 Pravec et al. (2014)
NO 1.152∓0.638 NO 1.152+0.0252

−0.0232 0.336 0.387 Brozović et al. (2018)

Using the algorithm of Mirtich (1996), we computed the 3D inertia tensor de-
rived from each polyhedral shape of (99942) Apophis with a uniform Itokawa-like
density. We found that this tensor is diagonal. This means that the body is perfectly
oriented along its principal axes of inertia. The shape of our target is presented in Fig.
1. The overall dimensions of this shape are (−0.280,0.259)× (−0.184,0.191)×
(−0.156,0.169) km in the x-, y-, and z-directions, respectively, and the polyhedral
volume is 0.03034285 km3 (volume-equivalent diameter of 0.387 km).

The shape derived from Pravec et al. (2014): 1014 vertices and 2024 faces

The shape derived from Brozović et al. (2018): 2000 vertices and 3996 faces

Fig. 1 – : The polyhedral shape of (99942) Apophis shown in 6 perspective views (±
x, ± y, and ± z) after rescaling the shape with the reported volume-equivalent.

2.2. THE GRAVITY MODEL

Werner (1997) derived expressions to precisely evaluate the gravitational po-
tential and acceleration components of a homogeneous polyhedron whose surface
consists of a combination of planar triangles. Tsoulis and Petrović (2001) analyzed
the singularities of the potential field calculated by the polyhedron. This method is
considered as the best one to describe the gravitational field near or on the surface
of a constant density polyhedron (Scheeres et al., 1998, 2000). Using the classi-
cal polyhedron method of Tsoulis and Petrović (2001), we compared the polyhedral
shape derived from Pravec et al. (2014) and Brozović et al. (2018) in terms of the
computational time and precision of orbit determination close to Apophis. A 60 days
circular orbit with mechanical energy of 1.5× 10−9 km2s−2 at a distance of 1 km
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from the center the target could be integrated with 463 minutes using the shape of
Pravec et al. (2014) and in 884 minutes using the shape of Brozović et al. (2018).
The total variation distance of this orbit from the central body is 90.30 m in the first
case and 88.60 m in the second one. In fact, the difference between the 2 shapes is
inversely proportional to the distance from the center. Based on these results, taking
into consideration the fact that we did not investigate collisions with Apophis, we
think that using the shape of Pravec et al. (2014) with 1014 vertices and 2024 faces
is a reasonable approach for the suit of this preliminary study, noting the difference
in the execution time. Yet, the main problem of the classical polyhedral approach
is the large computational effort, depending on the number of triangular faces cho-
sen. This issue has been reported in Chanut et al. (2015a) and Aljbaae et al. (2017)
applying the mascon gravity framework using a shaped polyhedral source, dividing
each tetrahedron into several parts (Venditti, 2013). Inspired by this last idea, we
first calculated the mass of each tetrahedron of the Apophis shape and assigned it to
a point mass in the center of the tetrahedron. Thus, we considered the asteroid as a
sum of 2024 points that correspond to the number of faces in the shape (Fig. 2).

Fig. 2 – : Representation of (99942) Apophis modeled by a cloud of 2024 point masses.

To show the efficiency of the method presented here to calculate the gravita-
tional potential on a grid of 1,002,000 points close to Apophis. We performed a
series of tests comparing the potential, UCT , calculated by our method (considering
the asteroid as a sum of 2024 points in the center of the tetrahedron) with the clas-
sical polyhedron method, UT , (Tsoulis and Petrović, 2001) and the Mascon gravity
approach, dividing the asteroid into 8 layers, UM8, (Chanut et al., 2017; Aljbaae et
al., 2017). In the left panel of Fig. 3, we present the relative errors between UCT and
UT or UM8, which show that our results are in good agreement with these models
outside the body (right side of the red line). In the right panel of Fig. 3, we present
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three circular orbits around Apophis with the same initial conditions integrated using
the three methods. The total variation distance from the central body, in each case,
is presented in Table 2. We tried, in this work, to approach a realistic suite of simu-
lations for motion about Apophis considering the real positions of the planets in our
Solar System. To reach the minimum distance Earth-Apophis provided by the JPL’s
HORIZONS ephemerides (JPL: 37728 km. our work: 37725 km), we considered
a step-size of 30 seconds in our integration, which makes the use of the classical
polyhedron method very heavy in terms of the execution time, as shown in Table 2.
Even with this small step of integration our introduction of the gravitational potential
modeling considerably reduced the processing time keeping the accuracy at satisfac-
tory levels. Using computers Pentium 3.60GHz, our model reduced the computation
processing time by more than 95% compared to the classical polyhedron method,
losing less than 2% of the precision in the tested area. However, this point will be
much more important if we need integration for larger times. That motivated us to
represent our target as a cloud of 2024 point masses for the rest of this work.

Fig. 3 – : Left: Relative error of the gravitational potential considering the asteroid
as a sum of 2024 points in the center of the tetrahedron (UCT ) with the classical
polyhedron method (UT ) or the model Mascon 8 (UM8). right: Three circular orbits
around Apophis with the same initial conditions integrated using three methods. The
execution time of each orbit is shown in parentheses in the legend



7 First approximation for spacecraft motion relative to (99942) Apophis 247

Table 2

CPU execution time to calculate the gravitational potential on a grid of 1,002,000 points close to

Apophis, using a Pentium 3.60GHz computers.

Tsoulis Mascon 8 This work
1,002,000 points 65m27.337s 8m9.347s 0m18.337s
60 days orbit 463m24.751s 38m39.966s 7m21.495s
4r (m) 90.30 90.05 89.50

3. SURFACES OF SECTION

In order to understand the impact of the heavy perturbations in the system in
question, we decided to first consider only the perturbations from the shape of the
central body and gradually add other perturbations.

We build the surfaces of section related to the potential of Apophis in the body-
fixed frame. Our model is similar to that presented in Borderes-Motta and Winter
(2018); Jiang et al. (2016). However, we use the mechanical energy of orbits around
our target, as presented in Scheeres et al. (2000); Aljbaae et al. (2019)

H =
1

2
(ẋ2+ ẏ2+ ż2)− 1

2
ω2(x2+y2)−U (1)

U = +
2024∑
i=1

Gmi

ri
.
where: x,y,z and ẋ, ẏ, ż are the location and velocity of the particle in the body-
fixed frame of reference. U is the gravitational potential of the asteroid, calculated
using one point fixed in the center of each tetrahedron, as explained in the previous
section. Gmi is the gravitational parameter of the ith. tetrahedron, with G =6.6741×
10−20 km3kg−1s−2. ri is the distance between the center of mass of the tetrahedron
and the particle. The equatorial motion of a massless particle around Apophis is
determined numerically with the Runge-Kutta 7/8 integrator with variable step size,
optimized for the accuracy of 10−12, covering a maximum of 200 years. We stop
our integration after 3000 intersections between the trajectory and the plane y =
0. However, this does not necessarily ensure that the nature of all orbits remains
unchanged in time, because some orbits may manifest a nonlinear behavior as time
goes on. We distributed our initial conditions in the y-axis, with x0 = z0 = ẏ0 = ż0 =
0 and ẋ0 was computed according to Eq. 1. The values of y0 are taken between 0.5
and 10 km from the asteroid center with an interval of 0.1 km. We first consider our
target significantly far from any other celestial body, where the motion is dominated
by the asteroid’s own gravitational field. In this section, we also neglected the SRP.
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The equation of motion used in this analysis is as follows:

r̈ = −2Ω× ṙ−Ω× (Ω× r)+Ur

where r is the coordinate vector of the particle in the body-fixed frame,Ω is the
rotation vector from the uniform rotation of (99942) Apophis, and Ur is the gradient
of the gravitational potential of the central body, calculated considering it as a sum
of 2024 points (Sect. 2). In Fig. 4, we present the initial conditions that generate
orbits escaping from the system (red points), colliding with the central body (green
points), and bounded orbits around our target (blue points). The orbit escapes from
Apophis system when the distance from the central body becomes 10 times greater
than the Apophis Hill sphere (34 km). We considered a relatively high distance to
be sure that the orbits beyond this limit will certainly not return back. The collision
with the central body occurs when the particle crosses the limit of the polyhedral
shape of Apophis using the Computational Geometry Algorithms Library (CGAL†).
We notice that, no collision with the central body occurs for H > 2.2× 10−9. The
escapes from the system occur for an initial H > 3.4× 10−9 with some particles
escaping with 1.7×10−9 ≤H ≤ 2.2×10−9. In agreement with Aljbaae et al. (2019,
2020), the particles escape from Apophis system when they are very close to the
central body and have sufficient energy.

Fig. 4 – : Type of orbits around the asteroid (99942) Apophis. Neglecting the pertur-
bations of the planets in our Solar System and the SRP.

An example of our results for H = 1.6× 10−9 is presented in Fig. 5. This
plot gives quick overview of the orbital structure. We can easily distinguish between
regular and chaotic motion. The isolated points, for instance, represent chaotic orbits,
while areas with no points represent areas that are not reachable by any orbit. When
we have one point in the Surface of Section, we get a periodic orbit, while a quasi-
periodic motion is depicted by a closed curve. In fact, the period of an orbit is not
defined by the Surface of Section itself, because the number of dots depend on which
section is chosen. In Fig. 5, we also present some orbits in the Apophis system.
†https://www.cgal.org/
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Our results consist of different mechanical energy gathered in the CPM-Asteroid
database (Close Proximity Motion relative to an Asteroid). Moreover, we include in
this database the influence of close approach with our planet, witch is the subject of
the next section.

In the top panel of Fig. 5, we notice the existence of an island of a dual quasi-
periodic response (blue closed curve). The evolution of this island in the Surface of
Section is presented in Fig. 6.

Fig. 5 – : Intersection points of orbits around (99942) Apophis with the Surface of
Section x0 = z0 = ẋ0 = ż0 = 0 and ẏ0 was computed according to Eq. 1. Here, we
neglect any perturbation from the remaining bodies in the Solar System, including
the SRP.
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Fig. 6 – : The evolution of the Dual quasi-period periodic island with H in the Surface
of Section.

4. CLOSE APPROACH WITH EARTH

In this section, we study the dynamical system around (99942) Apophis during
the close approach with our planet at ∼ 38,000 km on April 13th 2029 (Fig. 7). For
that purpose, we re-build the surfaces of section as presented in the previous section,
with the difference that here we take into account the gravitational perturbations of
the Sun, the 10 planet-size bodies of our Solar System, including the Moon, Pluto,
Ceres, Pallas, and Vesta).

Fig. 7 – : The close approach (Apophis-Earth) provided by our numerical integration
using Runge-Kutta methods with variable step size.

In fact, the Earth is by far the celestial body that most affects the dynamics
around Apophis, the effects of the moon and the Sun on a spacecraft close to Apophis
is about 100 times smaler then the effects of our planet. In Fig. 8, we present the
gravitational perturbation due to the polyhedral shape of Apophis (blue) and to the
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Earth (red) on the acceleration of a spacecraft close to the asteroid, 10 days before
the minimum distance Apophis-Earth. We can see that the perturbation of our planet
exceeds the perturbations of the shape beyond ∼6.4 km from the center of Apophis.
This value is in accordance with the critical semimajor axis mentioned in Sanchez
and Prado (2017) and Kinoshita and Nakai (1991), which is 5.719 km. However, this
distance varies according to the position of our planet, as we can see in Fig. 9. At the
instant of the close approach, for instance, the critical semimajor axis becomes ∼0.6
km. That justifies our focus on a region that stretches only 10 km from the center of
our target.

Fig. 8 – : The perturbation on the acceleration of a spacecraft close to (99942) Apophis,
due to the perturbation of the polyhedral shape of the central body (Blue) and due to
the Earth (Red), 10 days before the close approach.

The initial conditions (heliocentric positions and velocities) for all the bodies
in Apophis system were provided by the JPL’s HORIZONS ephemerides‡ on March
1, 2029, at a distance of 0.156 au from our planet, 43 days before the closest distance
Apophis-Earth. We use the spherical harmonics up to degree and order four to ex-
pand the gravitational potential of the Earth and Moon, as presented in Sanchez et al.
(2014); Sanchez and Prado (2017).

An important perturbation that arises from the Sun is the SRP. Besides the
gravitational perturbations of the planets in our Solar System, above mentioned, we
also considered the SRP in our study as described in Beutler (2005), where the ra-
diation field due to the solar radiation is considered as parallel to the direction Sun-
spacecraft. In this work, an OSIRIS-REx-like spacecraft is considered, presenting
the following properties: a reflectance of 0.4, a mass of 1500 kg, and a cross-section
of the spacecraft normal to the direction Sun-spacecraft of 25 m2 with a mass-to-area
ratio of 60 kg.m−2, which yield a perturbation on the acceleration of the spacecraft
that exceed the asteroid’s gravitational attraction at distances beyond∼16.8 km close
to the time of the close approach with Earth (1.00295 au from the Sun), as shown in
Fig. 9 left panel, where we compare the perturbations on the acceleration of the
spacecraft that is due to the SRP and due to our planet at different epochs in a region

‡https://ssd.jpl.nasa.gov/?horizons
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extending from 0.5 to 20 km from the surface of Apophis. In the right panel of this
figure, we present the effect of these perturbations with respect to time, from one
day before to one day after the CE on the acceleration of a spacecraft on a circular
orbit at a distance of 1 km from the center of the target. We can notice that the Earth
perturbations quickly increases and becomes larger than the asteroid’s gravitational
attraction itself. That leads to highly perturbed orbits in Apophis system, as we show
later in this work.

Fig. 9 – : Left: the perturbation on the acceleration of a spacecraft close to (99942)
Apophis: due to SRP (Red), due to the Earth at different epochs (blue, green, and
purple). Right: the evolution of these perturbations overtime on the acceleration of a
spacecraft fixed at a distance of 1 km from the surface of Apophis.

The shadowing of the sunlight by all the bodies in the system is also considered
in our work. We assume that the Sun and the body in question are spherical with a
radius ofRS andRP , respectively. The left panel of Fig. 10 illustrates the non-scaled
shadow geometry for a body in the system. In fact, the Sun is always far enough to
consider the merger of d and d′ and cos(âSd)' 1. With this consideration in mind,
the spacecraft enters the shadow when | ~ad| ≤ | ~gd| and the vectors ~PS and ~Pa are
in opposite directions, where the point a is the position of the spacecraft where one
want to define if shadow occurs or not. To demonstrate the effectiveness of this algo-
rithm, we present, in the right panel of Fig. 10, the shadow of 3 spherical bodies in
our simulation. However, it would be possible to consider the real shape of the body
in the shadowing phenomenon by varying the value of RP at the point f , according
to the polyhedral shape, using the CGAL library, which will affect significantly the
execution time of our integration.

Overall, the equations of motion that describe the motion of a test particle
around (99942) Apophis during the close approach with the Earth are given by:

r̈j = −2Ω× ṙj−Ω× (Ω× rj)+Urj +A(P)+
PE +PM +νA(PR)

.
where: i, j = 1,2, ...,15 refer to the concerned body (spacecraft, Sun, the 10 planet-
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Fig. 10 – : Non-scaled shadow geometry approach.

size bodies in our Solar System). r is the position vector of the concerned body in
the body-fixed frame, PE and PM are the accelerations due to the deformation of the
Earth and of the moon, respectively. The vector P indicates the interaction between
components i and j in the inertial frame.

P =

15∑
i=1,i 6=j

Gmi

( Υi−Υj
|Υi−Υj |3

− Υi
|Υi|3

)
Υ is the position vector in the inertial frame,A is an instantaneous rotation that takes
the vectorP from an inertial frame into a body-fixed frame. PR is the acceleration due
to the direct radiation pressure applied only on the spacecraft, and ν is representing
the shadowing phenomenon, taking the values 1 or 0, as defined earlier in this work.

PR = (1+η) au2
A

m

S

c

rs− r�
|rs− r�|3

.
where: η is the reflectance properties of the spacecraft surface, au is the Astronom-
ical Unit, A is the cross-section of the spacecraft normal to its direction to the Sun.
m is the mass of the spacecraft. S is the solar constant and c is the speed of light
in a vacuum. The value of S

c is 4.56316× 10−6 N/m2 (Beutler, 2005). rs and r�
are the coordinate vector of the spacecraft and the Sun, respectively. As we already
mentioned, we considered the case of a spacecraft with a low area-to-mass ratio (∼
0.017).

In Fig. 11, we present the type of all the orbits generated with our complete
model, considering the 10 planet-size bodies in our Solar System without the SRP
(left panel) and with the SRP (right panel). Comparing with Fig. 4 we can see that
the planets in our Solar System destroyed most of the orbits around Apophis, making
the spacecraft collide or escape from the system, as we will see in more details later
on in this section. We only found some bounded orbits very close to the central body.
However, the SRP destabilized about 50% of them, changing their distribution in the
(dy0, h) plane. Such a drastic effect of the SRP was already seen in Chanut et al.
(2017) studying the dynamics around the asteroid Bennu, and also in Sanchez and
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Prado (2019) studying the Less-Disturbed Orbital Regions Around the Near-Earth
Asteroid 2001 SN263.

Fig. 11 – : Type of orbits around the asteroid (99942) Apophis, considering the pertur-
bations of the planets in our Solar System with the SRP (right) or without the SRP
(left). The colour symbols are the same as in Fig. 4.

In order to better understand the dynamics around our target, we present, in
Fig. 12, the surfaces of the section for H = 0.4×10−9, starting from March 1, 2029,
considering (top right panel) or not (top left panel) the perturbations of the planets in
the Solar System and neglecting the SRP. Comparing these two panels, we can notice
that a new configuration appears after 43 days of our integration, which correspond
to the instant of the close approach with our planet. This point will be seen clearly by
following the evolution of the distance between our test particle and the central body,
as in the right panels in Fig. 12, where we show an example of bounded orbits around
Apophis. For the seek of clarity, we presented the first 70 days of the orbit. However,
including the SRP in our model changes completely the structure of the surfaces of
the section, giving the tendency for highly chaotic orbits. In Fig. 13 we present
our results for H = 0.4×10−9. Again, we notice that the distance between our test
particle and the central body significantly changed just after the close approach with
our planet. All the investigated orbits are expected to be chaotic as shown in the first
left panel of fig. 13. We should now turn our attention to identify the less perturbed
region around Apophis.

Fig. 12 – : Intersection points of orbits around (99942) Apophis, starting from March
1, 2029. Here, we considered the perturbation from the remaining bodies in the Solar
System and neglected the SRP.
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Fig. 13 – : Intersection points of orbits around (99942) Apophis, starting from March
1, 2029. Here, we considered the perturbation from the remaining bodies in the Solar
System and the SRP.

5. SEARCH FOR LESS PERTURBED REGIONS AROUND (99942) APOPHIS

In order to identify suitable regions to place a spacecraft around (99942) Apophis
on March 1, 2029, we made a numerical analysis of orbits in a region with a semima-
jor axis between 0.5 and 10 km from the center of (99942) Apophis with an interval
of 25 m. We vary the initial eccentricities from 0 to 1 with a step size of 0.005, and
tested 4 different inclinations (0◦, 90◦, 180◦, 270◦). The argument of the perigee
(ω), the longitude of ascending node (Ω), and the mean anomaly of the small probes
are initially 0◦. Again, the vast majority of the tested orbits collide or escape from
the system at the time of the close approach with Earth. In Fig. 14 we present the
type of all the tested orbits integrated for 60 days (top panel) and 40 days (bottom
panel). We notice that the most of the tested orbits around Apophis will escape the
system just after the close approach with our planet, in about 43 days of integration
starting from March 1, 2029.

Fig. 14 – : Type of orbits around the asteroid (99942) Apophis integrated for 60 days
(top) and 40 days (bottom) starting from March 1, 2029.

Considering our results for 40 days of integration, we use the variation of the
semimajor axis (4a) as a criterion to identify the less perturbed regions in the system.
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Our results are presented in Fig. 15. The smooth parts of the map with small values
of 4a could be a possible option to insert a spacecraft into natural orbits around
Apophis before the close approach with our planet. The minimum value founded of
this variation is 0.05 km and a variation of the corresponding eccentricity is (4e) of
0.128, which is still a non-negligible variation presented in Fig. 16. However, an
interesting part of the region around Apophis is heavily perturbed, which appears in
the map beyond 4 km from the center of Apophis.

Fig. 15 – : The variation maps of the semimajor axis coming from the ensemble per-
turbations on real system of Apophis.

Fig. 16 – : An example of the less perturbed orbits close of Apophis over 40 days.

6. ORBITAL CONTROL AROUND (99942) APOPHIS

As we already saw in this paper, the most problematic behaviors of the dynam-
ics around our target come from the close approach with our planet. In order to solve
the stabilization problem for the system of equation 2, we applied in this section the
robust path following control law as presented in Negri and Prado (2020, 2021), The
advantage of a path following control to a reference tracking control is that in the first
situation, only the geometry of the orbit is controlled, with no a priori time parame-
terization. A detailed discussion of the applicability and practical considerations of
the path following the law derived in Negri and Prado (2020) for asteroid missions
is done in Negri and Prado (2021). The acceleration correction is calculated in the
radial-transverse-normal coordinates (RTN), where the versors of the spacecraft are
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defined as follows:

r̂ =
~r

r
, ĥ=

~h

h
, θ̂= ĥ× r̂

where, ~h= ~r× ~̇r is the angular momentum of the spacecraft, ~r and ~̇r are the position
and velocity vectors, in the frame where the Keplerian path will be described and
centered in the point to be orbited. As noted in the last two mentioned papers, there
is no limitation for in which frame the Keplerian orbit is described. For instance, the
control could produce an artificial Keplerian orbit even if no Keplerian motion exists
in the dynamics of the system. Nevertheless, in this study, we apply it to the most
straightforward application, which is for maintaining an orbit where a near-Keplerian
motion exists. So, in our case, the position and velocity vectors are written in the
inertial frame centred in the asteroid centre of mass. We defined the eccentricity
vector (~e) and the sliding surface (~s) as

~e =
1

µ

(
~̇r×~h−µr̂

)

~s =

(~e−~ed).(λRr̂+ θ̂)h−hd
ĥd.(λN r̂+ θ̂)


where, λR and λN are design parameters. They will determine the asymptotic con-
vergence to the sliding surface. In our application, they are fixed to a value of 0.002.
~ed and ĥd are the desired eccentricity vector and angular momentum versor, respec-
tively. They are given by:

~ed =

cos(Ωd)cos(ωd)− sin(Ωd)sin(ωd)cos(id)
sin(Ωd)cos(ωd)− cos(Ωd)sin(ωd)cos(id)

sin(ωd)sin(id)


ĥd =

 sin(id)sin(Ωd)
−sin(id)cos(Ωd)

cos(id)


where, id,Ωd, and ωd are the desired inclination, longitude of the ascending node
and argument of periapsis, respectively. The acceleration corrections in the RTN
coordinates can be written as:

~uRTN = (UR,UT ,UN ) =−F−1
(
G+Ksat(~s, ~Φ)

)
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where,

F =
1

hµ

−h2 (2λRh− (~̇r.r̂)r)h −µr~ed.ĥ
0 µrh 0

0 0 µrĥd.ĥ


G =

h

r2

(~e−~ed).(λRθ̂− r̂)0

ĥd.(λN θ̂− r̂)


K =

0.001 0.0 0.0
0.000 0.1 0.0
0.000 0.0 0.1

 ,Φ=

0.0050.500
0.050


sat(~s, ~Φ) is the saturation function, proposed to avoid the discontinuous control input.

sat(α,β) =


+1 α> β

+α
β −β≤ α≤ β
−1 α<−β

Finally, the acceleration corrections in our frame of reference is given by

~u= URr̂+UT θ̂+UN ĥ

For more detailed and deeper analysis on all the theoretical considerations con-
sidering all practical aspects, we refer the reader to Negri and Prado (2020, 2021).

To demonstrate the effectiveness of our control, we considered all the pertur-
bations (as mentioned in Sec. 4 above) on a spacecraft in an orbit with an initial
semimajor axis of 1.325 km, the initial eccentricity of 0.2, and initial inclination of
180◦ while the other orbital elements are fixed to 0. In Fig. 17 we present the orbit
with (right-hand side) and without (left-hand side) control. The spacecraft without
control will escape Apophis in 43 days, just after the close approach with our planet.
However, our control, with the desired orbital parameters are the same as the initial
ones, successfully stabilizing this orbit with a total 4V of 0.495 m/s for 60 days of
operation, which is a very low value. One can notice satisfactory small deviations
from the reference orbit with a single peak in the controlled orbital elements, which
corresponds to the moment of the close approach with Earth, where the components
of the control input become larger and thus require more energy, as shown in Fig 18.
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Fig. 17 – : Controlled orbit close to (99942) Apophis, in the inertial frame. a0 = 0.5
km, e0 = 0.2, i0 = 180◦, and other orbital parameters are fixed to 0.

Fig. 18 – : The control components of the orbit shown in Fig. 17
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7. CPM-ASTEROID DATABASE

As a result of all our computations, we constructed the CPM-Asteroid (Close
Proximity Motion relative to an Asteroid) database, which contains at its present ex-
tent the surfaces of section in the potential of (99942) Apophis in the body-fixed
frame of reference, distributing our initial conditions in the x- and y-axis, which are
related to symmetry. We considered 50 values of H , varying from 0.1 to 5.0×
10−9. In parallel, we deliver for each orbit the corresponding tables giving the
Fourier and Poisson series for the x-, y-, and z-coordinate. We used a web ap-
plication framework developed with Shiny in R, and made our results available in
the GitHub repository under an MIT public license. CPM-Asteroid is available in
https://safwanaljbaae.github.io/CPM-ASTEROID/Apophis ca CPM.html. Any other
data presented in this paper can be obtained directly from the corresponding author
upon reasonable request.

8. CONCLUSIONS

In this work, we have carried out a detailed study of the dynamics around the
asteroid (99942) Apophis, one of the most interesting Near-Earth Asteroids due to its
Earth close approach on April 13th.,2029. We tried to provide a preliminary realis-
tic analysis of the orbit dynamics about the asteroid. Inspired by previous works on
modeling the gravitational potential of nonspherical bodies, we calculated the mass
of each tetrahedron of the (99942) Apophis shape and assigned it to a point mass in
its center, representing our asteroid as a sum of 2024 points that correspond to the
number of faces in the shape. That allows us to considerably reduce the computation
processing time using other methods. As a preliminary step to propose an Apophis
mission, we neglected, in this work, the effect of tumbling and the influence of the
Earth’s tides on the spin state. This interaction is still completely unknown and out
of the scope of this work. We obtained the physical properties and analyzed the
equilibria near our target considering only the effects of a uniformly rotating 2024
points gravity field. The surfaces of section are calculated in the potential of (99942)
Apophis in the body-fixed frame to show the behaviors of large-scale orbits consider-
ing or not the perturbations of the planet-size bodies in our Solar System and the SRP,
which can considerably affect the dynamics around our target. The close approach
with our planet imposes a fast and relatively strong perturbation making the vast ma-
jority of the tested orbits collide or escape from the system. An OSIRIS-REx-like
spacecraft is considered for numerical analysis of orbital dynamics associated with
(99942) Apophis, considering the full perturbations on the system. We employed the
Runge-Kutta 7/8 variable step-size algorithm covering a period of 60 days, starting
from March 1, 2029. The initial state vector of the particles is calculated using the
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classical orbital parameters (a, e, i, $, w, and f ). The variations of the semimajor
axis are used to identify the less perturbed region in the system. We can state that
the region with an initial semimajor axis smaller than 4 km and initial eccentricity
smaller than 0.4 affected by relatively small perturbations before the close approach
with our planet. However, there are no stable regions around our target during the
close approach. We applied the sliding mode control theory in order to solve the
stabilization problem for the system. With a total 4V of 0.495 m/s for 60 days of
operation, we successfully stabilized an orbit with an initial semimajor axis of 0.5
km. Finally, we argue that our computations in this work could be refined in the fu-
ture by taking into account the changes of the spin axis and rate of (99942) Apophis
during the 2029 close encounter with our planet. Nevertheless, we estimate that our
work provides a reasonable approach to the dynamical analysis of future spacecraft
missions related to the target. It will be even very difficult, from a ballistic point of
view, to launch a probe close to (99942) Apophis, but the idea deserves some interest.
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Tsoulis D, Petrović S (2001) On the singularities of the gravity field of a homogeneous polyhedral
body. Geophysics 66(2):535, 10.1190/1.1444944

Venditti FCF (2013) Manobras orbitais ao redor de corpos irregulares. PhD thesis, INPE, São José dos
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