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Abstract. The regularization of a new problem, namely the three-body problem using “similar”
coordinate system, is proposed. First we write the Hamiltonian function, the equations of
motion in canonical form, then, using the generating function, we construct the transformed
equations of motion. After the coordinate transformations we introduce the fictitious time, to
regularize the equations of motion. Explicit formulas are given for the regularization. Using
the resulted regularized equations, we analyze these canonical equations numerically, for the
Earth-Moon binary system.
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1. INTRODUCTION

The regularization method has become popular in recent years (Waldvogel 2006;
Celletti et al. 2011) for long term studies of the motion of celestial bodies. These
problems have a special merit in astronomy, because with their help we can study with
more efficiency the equations of motion with singularities. At the collision the equations
of motion possess singularities. The problem of singularities plays an important role
under computational, physical and conceptual aspects (Csillik 2003). The singularities
occurring at collisions can be eliminated by the proper choice of the independent variable.
The basic idea of regularization procedure is to compensate for the infinite increase of the
velocity at collision. For this reason, a new independent variable, fictitious time, is
adopted. The corresponding equations of motion are regularized by two transformations:
the time transformation and the coordinate transformation. The most important part of
the regularization is the time transformation. We use a new fictitious time to slow the
motion near the singularities. In the following we describe the circular restricted three-
body problem (CRTBP), and the circular restricted three-body problem using the similar
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coordinate system (CRSTBP).
According to Kopal (1978) or Roman (2010), the scalar equations of motion for the
circular restricted three-body problem (CRTBP) in eclipsing binary systems are
CASE 1: In the (9,0,0,0,) coordinate system the equations of motion (in usual

notation) are

_]_)
d2q. /dt? - 2dg, /dt=g -0 G A@-D
o T R e

d%q, /dt? —2dg, /dt=q, -3 %2 9% 1
q2 ql q2 1+q (1+q)r13 (]_+q)r23 ( )

d2q3/dt2 - _ q3 _ qq3 '
@+’ A+g)rs

where r, =,/07 +q7 +q2, T, = \/(ql -1)? + 92 +qZ . We choose as mass unit the sum

of the masses of the components of the binary system, for the distance between the
centers of the components. The Hamiltonian of (CRTBP) system (1) takes the form

H=(p2+p3+p2)/2+ plqz—qlpz+ﬁ-q1—qf—q§—

1+q np 1+ 1, @)
and explicitly the Hamiltonian equations are

dqlldt=aH /ap]_: p1+q2,
dqzldtzaH /5p2= pz—ql,
dgs/dt=0H /op; = ps ,

q 1 g aqa (-1
dp, /dt =—0H /6qy = p, +2q; — - R : ,
Py O = P2 + 20 1+q 1+q i° 1+q 1 3)

1 % 9 9
dp, /dt=—0H /g, =—p; + 20, — = ==
P2 02 Py + 203 1+q 12 149 r}

1 93 9 0
dpg/dt=—0H /00y =——— — ——— —.
P3 03 1+q I’13 1+q I’23
CASE 2: In the (q,0,q,,0,;) coordinate system (with usual notation) the
equations of motion are
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2 ’ ’ —
d qsl+2dq52:qli g 1 9g q @g-D
2 dt St 1+q 1+q 3 1+ 3
dt T g g

2 ’

d q52+2dqsl q 1 952 q 92
di2 dt 2 14q 3 1+q' r532
2 ’

d"0s3 1 93 ¢ Is3

dt2 1+q r3 1+q r532 (4)

where r, =./q% + 0, +092, = \/(qsl ~1)*+q;, +05 -

The Hamlltonlan of “3|m|Iar" (CRSTBP) system (4) is:

H (psl + P& + PZ) — Psilsz + Uy Psz + 1Eq Os1 — 0% — 0% —

1+9" rg 1+q9 1 5)
and explicitly the “similar” canonical equations may be written
dgg oHg _
dt - ap51 = Ps1 —0s2
dgs, _ OHs
= = +
dt apsz Ps2 +Us1
dggs  OHg
- = Ps3
dt apss
d oH ! 1 ' -1
Bt _ s:—p52+2q51— . ;T f'q_ssl_ . f'(q513 )
dt 00 1+9" 1+q9" ry 1+ rd
d aH 1 '
P2 Szpsl"'zqu_ !‘q%z_ : !‘q%z
dt sz 1+9" 3 1+9
dpgs _ OHg 1 G 0 Gs
dt o0 140" g 140 rd (6)

2. COORDINATE TRANSFORMATION (CASE 1)

Several regularizing transformations are known. For the regularization of the
equations of motion (1) we introduce the generating function S in the frame (q,0,9,0,)
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in the following form (Stiefel and Scheifele 1971)

S=pf(QuQ2)+ P29(Q1,Q,), @
where f and g are harmonic conjugated functions, with the property
of aog
Q  aQ,
o __
Q, oQ @)

The generating equations are

oS .
=— i=12
0 o
p_ 05
oQ; 9)
or explicitly
oS
Q1=a—pl= f(Q1,Q,)
oS
U, =——=0(Q1,Q2)
op,
P—aS =p A +p 2y = P13y + Pod
1 20, 16Q1 2 20, 1811 + Poap)
P—aS—p + ag——a+a
2 20, 16Q2 P2 20, =—Pagp + Prap w0)
where
of 0
a, = :_9
0Q, 9Q,
a, = of aog
TR W (12)

Let introduce the following notation, (Szebehely 1967)
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a,  a
A:( 1 12} D =det A =a? +a>,
—dp Qg
P
p:(pl} P:(l} p2=%P2
p2 PZ (12)

The new Hamiltonian of the (CRTBP) system of equations (1) is

1 0 0 q
H=—|P*+P?+P f?+g°)-P f2+g?)|+——f -
B en (1 g?)- R ()

_jr_gqe_ 1 al

1+qr 1+qr, (13)

R=yf2+0% R=y(f-D?+g?, D=4(Q+Q2)

and the Hamiltonian equations in new variables become

dQl 1 6 2 2
—L_ =~ 2P +——(f2+

dt ZD{ 1+6Q2( : )}
dQ, 1 O (i2. 2
==2_ = op, -2 (f24

dt ZD{ 2 an( : )}

M R0 (j2,g2) P9 (2,42) 4

dt  aQ, 2D 8Q,0Q, 2D 6Q,0Q,

0 2 2 1 0 1 q 0 1
ok daliitiald)
1 qoQ\ i +q0Q ( h

dP2 aH P]_ 6 (f2+g2)+ P2 a (f2+92) q af +

dt  0Q, 2D dQ,0Q, 2D 8Q,0Q;

e () ()
0Q, 1+90Q\ ) 1+qdQ,( 1 14

Because the singularity of the problem is given by the terms 1/1, and 1/T, , we will make
a global regularization, (Castilho and Vidal 1999; Csillik 2003), in the P;(m;,0) and
P,(m,,0) points using Levi-Civita's transformation
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f=Q/-Q, g=2QQ, (15)

Using Levi-Civita’s transformation, (Mioc and Csillik 2002), the new Hamiltonian
equations are

Q_h Q
d D 2
Q@ _PR Q
dt D 2
o P QP 200 o 2 O 20 QuE-D
= —2 1 =2 =3
dt 2 4n 1+g G+a)i? @+a) 7
o, R QPIR) 200 o0 2 0 20 QE+)
= —2 2 =2 =3
a2 4y 1+q a5 @ra) B g

where

R=[Qf+QF| F=v(QF -0} -1 +4Q7Q}

17)
with the new Hamiltonian
_ 1 1
R e R LR L R IR
1 1 q 1
-20%Q? - . - .
T lvg QUHQ 140 J(Q7-QF -1 +4Q7Q; (18)

3. TIME TRANSFORMATION (CASE 1)

To solve the above equations, we introduce the fictitious time t (Waldvogel 1982;
Erdi 2004), and making the time transformation

the new regular equations of motion are
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dr 4 2
dQ, _ PR QR
dr 4 2

EZ 2122+ 14 2)2 1(1%_2 3+4Q1|’F23—

Q7 29Q(F -7
l+q)  (@+q)
dp, _ PR QR +PIR 240, .

- 4Q,7°1, —
dr > 4 1+q TAQLT,
_2Q,1;7  2qQ,(F +1F’
(L+q) (1+0a) (19)

The explicit equations of motion for RCRTBP may be written

d’Q _1dR __3 1dQ; o3 (1 _)( dQ, szj
==L + =252 4| 2L 4 20,7, +
g2 ddc M2t g 5 Qoft | ——+Q;

+ 3(% +Q; rl)((Ql +QQj - Ql) dQl +(Q3 +QfQ, + Qz)dd%)rlFZ

d’Q, 1dp, __; 1d P Y~ d dQ
d§2=zd—:r1r23—5% T + (72—2(?1"1)((?1 % +Q, 2) +

(20)

. 3(%— Qmj[(qf + Q08 Q)82 1 (0 + 070, + Qz)dd%)ﬁfz

For the application of the above problem in a binary system, we can obtain the
solution in the form

Q1(t) = le(t) - Qz2 (t)
Q2(t) = 2Q1(t)Q2 (t) (21)

4. COORDINATE TRANSFORMATION (CASE 2)

For the coordinate transformation in the second case we introduce the generating
function S in the plane gs5;Ogs; in the following form



Rodica ROMAN, Iharka SZUCS-CSILLIK

8
Ss = psl fs(Qsl’Q52)+ psng(Qsl’QSZ) (22)
where fs and g are harmonic conjugated functions, with the property
of, _ g,
6Qsl 6Qsz
of, _ _ 09,
6(252 6(?sl (23)
The generating equations are
qsi = aSS ' i:112
6psi
_0S,
aQsi (24)
or explicitly
0S,
qsl = ap51 = fs (Qsl’QsZ)
oS,
qu = apsz = gs(Qsl’QSZ)
oS, of 09
Psl = 6Q51 = Pa 6Q51 + Py, 6Q51 = pslbll + p52b12
0S of a9
= S — S + S —— b +
s2 6(?s2 psl 6(?s2 ps2 6(?s2 psl 12 pszbll (25)
where
_ o _ 09
" 6(?sl 6(252
of, 09,
BN
s2 s1 (26)

Let introduce the following notation
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b, b
B=| " | D,=detB=b2+b,
_b12 b11

ps :(psl ]1 Ps :(Psl ]1 ps2 ZLP:
psZ Psz D

S

(27)
The new Hamiltonian for the case 2 may be written
— 1 0 2 2 2 2
H, = P2+P,-P,—\f +g, )+P f.°+ +
S 2Ds |: sl s2 sl 6Qs2 ( s gs ) 2 o ( s gs )j|
+ q’fs_fs2_gSZ_ 1’_i_ q’_i
1+q 1+9'r, 1+q9'r, (28)

where

— 2 2 = 2 2
rslz\) fs +0s . Ty :V(fs _1) + 0
and the canonical equations in new variables become

dQSl 1 6 2 2
b £ 2P, ——2 (£.2 4
dt 2Di st 6Q52(S 9s )}

dQ,, 1 0 (c2, 2
= 2P, +—|f" +
at 2Ds{ s2F 20 ( s T0s )}

sl

dPsl _ al:s _ Psl 0 (f 2 n 52)_ﬁ 0 (f52 gsz)_
- - S
dt aQsl 2D aQslaQsZ 2D aQslaQsl

Q' of 0 2 2 1 0 1 q' 0 1
g, (17 +o. )+Ta T ) 1eq o0u | T,
+0'0Qy 0Qq +0 Qg \ g ) 1+9 Qg \ T,
o H P 0 (o0 Pa 0 (12,02)
dt 0Qs, 2D 0Q4,0Q;, 2D 0Q4,0Q4

S I (TR S [_L} I [_LJ
1+q 5Qsz aQSZ 1+q aQsz rsl 1+q aQsZ rsz (29)

Because the singularity of the problem is given by 1/7; and 1/T;, , we made a global
regularization using Levi-Civita’s transformation
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fs = Qszl - Qszz
gs = 2Q51Q52 (30)

The similar Hamiltonian equations are given by

dQsl :i_ﬁ

dt Dy 2
Qs P Qu
dt Dy 2
dpsl — _&_’_ Qsl(Pszl + Pszz)_ 2q'Qsl +Q D. —
dt 2 4r521 1+q’ s1s

2 Quq 29" Qq(ra-1)
Qra)d @) i

2 2 '
dP;, :ﬁJr Qs2 (Psl + P52)+ 2q Qs'z +Q,,D, -

dt 2 4r521 1+q
_ 2 Qsz _ 2(3]' Qsz (rsl +1)
Qra)rg @+a) 31)

with the new Hamiltonian

2 2
uy Psl + Psz + — Plesz + PszQs1 +

4 A2 A2\ A 922
5_8(Q521+Q522) 2 1+q (Qu Qi) -Qu Qs —2QuQs
__1 1 q 1

A+0) Qi+Q%  @+0) Q4 -Q% -1 +4Q:Q%

(32)

5. TIME TRANSFORMATION (CASE 2)

Introducing the fictitious time t and making the time transformation the new regular
equations of motion are obtained in the form

dt .23
a_ sifs2

the new regular equations of motion are obtained in the form
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dQy _ Pafalsy  Quofiifay
dt 4 2
dQsZ — Pszrslrsz Qslrslrssz
dt 4 2
dPy _ Qsl( + P )7532 205Qq P23 1 4Qy P
dt 2 4 1+ S 52 s1's1's2 —
_ o (33)
_ 2Qslr532 _ 2qusl(rsl _1)rsi
(1+as) (1+7s)
dpsz _ Pslrslrssz QsZ(P521+ Pszz)rssz 2qu52 2 4 =3
= + Fs1l 2 + Qsz"sl"sz
dr 2 4 1+0q,
2Q52r52 2qu52 (Fsl +1)Fs%
(L+as) (1+7s)
f=[Q2+Q%) iy =+(Q%-Q% -1 +4Q2Q%

The explicit equations of motion for RCRSTBP are given by

d?Q 1dPy 3 1dQ P _ dQ dQ., ).
desl 4 dlrslrssz 2 diz r2r (;1_2Qszrslj(Qsl ;1 Qsz diz r532"'

P. _ d
+ 3(751 —Qq2 "1)((Qs31 +QuQ% —Qq1) Q51 +(Q2, +QaQs, + Qsz) j Fsils2
d? 1dP, . 1d P, dQ dQ,, ).
& 22 2 + 2%@%"52 +( ;2 + 2Qsl j(Qsl ;1 Qsz Ezj s2 +

d’l:z 4 dt Fafls2
+ 3( )t Qslrslj((le +QuQ% —Qq)—L dQSl +(Q2, +Q4Q,, + Qsz) j Fsifs2
(34)

For the application of the above “similar” problem in a binary system, we can
obtain the solution in the form

qsl(t)zQ ( ) Q 2( )
A, (t)=2Q, (tR.. (t)

(35)
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6. NUMERICAL EXPERIMENTS

For the numerical integration (Earth-Moon binary system) we use the initial values

Op = -0.4, Oy =04, P =0, Pz =-05te [0'277]' q=0.0123

05
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021
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o

011

021

031

04

Fig. 1 — Illustration of the motion in CRTBP.

For the numerical integration (Earth-Moon binary system) in the “similar”
coordinate system we use the initial values

0 =06, G, =04, P, =0 P, =05 tef027] q'=8145

05

041

03

021

01

011

P
02 /

03/

04F

Fig. 2 — Illustration of the motion in CRSTBP.
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For the numerical integration (Earth-Moon binary system) in the regularized
coordinate system we use the initial values in case RCRTBP

Q.o =0.2878240999, Q,,, =+0.6948688455,
P, =0, P, =%0.7521206187, e[0,27]

and in the case RCRSTBP

Q.,, = £0.8127454260, Q,,, =+0.2460795147,
P, =0, P, =+0.8491821094, 7<[0,27]

7. CONCLUDING REMARKS

Many papers in the last decade have studied the restricted three-body system in a
phase space. During these studies, difficulties have arisen when the system approaches a
close encounter.

Using the regularization method in the similar coordinates system we gave
explicitly the equations of motion for RCRTBP and RCRSTBP. We studied numerically
the regular equations of motion, we wrote them in canonical form, and we obtained that
the integrator using regularized equations of motion is more efficient.

Our method may provide new directions for studies of circular restricted three-body
problem integration using similar coordinate systems. It is an important tool for
developing efficient numerical algorithms.

APPENDIX: MATLAB CODE

function dy=crtbp(t,y) %Save as crtbp.m
ri=sqrt(y(1)"2+y(3)"2);

r2=sqrt((1-y(1))"2+y(3)"2);

g=0.0123;

q1=q/(1+q);

q2=1/(1+q);

dy(1)=y(2);
dy(2)=2*y(4)+y(1)-q1-q2*y(1)/(r1)"3-q1*(y(1)-1)/(r2)"3;
dy(3)=y(4);
dy(4)=-2*y(2)+y(3)-a2*y(3)/(r1)"3-q1*y(3)/(r2)"3;
dy=dy’;

function output=ctbp; %Save as crtbpl.m; Call: crtbpl
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y0=[-0.4, 0, 0.4, -0.5];
tspan = [0:0.0001:2*pi];
[t,y]=0de23(crtbp’,tspan,y0);

function dy=crstbp(t,y) %Save as crstbp.m
ri=sqri(y(1)"2+y(3)"2);
r2=sqrt((1-y(1))"2+y(3)"2);

0s=81.45;

q1=gs/(1+qs);

q2=1/(1+gs);

dy(1)=y(2);

dy(2)=-2*y(4)+y(1)-91-92*y(1)/(r1)"3-q1*(y(1)-1)/(r2)"3;

dy(3)=y(4);

dy(4)=2*y(2)+y(3)-92*y(3)/(r1)"3-q1*y(3)/(r2)"3;

dy=dy’;

function output=crstbp; %Save as crstbpl.m; Call: crstbpl

y0=[0.6, 0, 0.4, 0.5];
tspan = [0:0.0001:2*pi];
[t,y]=0ded5(crstbp’,tspan,y0);

function dx=regucrtbp(t,x) % Save as regucrtbp.m

q=0.0123,;

r1=x(1)*x(1)+x(3)*x(3);
r2=sqrt((x(1)*x(1)-x(3)*x(3)-1)"2+4*x(1)*x(1)*x(3)*x(3));
dx(1)=((x(2)+2*x(3)*r1)*r1*r2~3)/4,

dx(3)=((x(4)-2*x(1)*r1)*r1*r2"3)/4,
dX(2)=((((x(4)*r1n2*r2/3)/2+x(1)*(x(2)"2+x(4)"2)*r2"3/4-
2*q*r1n2*r2"3*x(1)/(1+q)+4*r1n3*r2/3*x(1)-2*x(1)*r2"3/(1+q)-
2*q*x(1)*r1n2*(r1-1)/(1+q))*r1*r2/3)/4+r172*(r2\3) *dx (3)/2+(x(2)/2+2*x(3)*r1)*
(X()*dx(1)+x(3)*dx(3)))*r2"3+3*r1*r2*(x(2)/2+x(3)*r1)*((x(1)"3-x(1)+
X(1)*x(3)"2)*dx (1) +(X(3)"3+x(3)+x(1)"2*X(3))*dx(3));
dX(4)=((((-x(2)*r1n2*r2"\3)/2+x(3)*(X(2)"2+x(4)"2)*r2"3/4+
2*q*r1n2*r2"3*x(3)/(1+q)+4*r1"3*r2/3*x(3)-2*x(3)*(r2"3)/(1+q)-
2*q*X(3)*r1n2*(r1+1)/(1+q))*r1*r2/3)/4-r172*r2/3*dx (1)/2+(x(4)/2-2*x (1) *r1)*
(X()*dx(1)+x(3)*dx(3)))*r2"3+3*r1*r2*(x(4)/2-x(1)*r1)*((x(1)"3-x(1)+
X(1)*x(3)"2)*dx (1) +(X(3)"3+x(3)+x(1)"2*X(3))*dx(3));

dx=dx’;

function output=regucrtbp; %Save as regucrtbpl.m; Call: regucrtbpl
x0=[0.2878240999, 0, 0.6948688455, 0.7521206187]';

tspan = [0:0.001:2*pi];
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[t,x]=0de45('regucrtbp’,tspan,x0);

function dx=regucrstbp(t,x) % Save as regucrstbp.m

0=81.45;

ri=x(1)"2+x(3)"2;
r2=(sqr((x(1)*x(1)-x(3)*x(3)-1)"2+4*x(1)*x(1)*x(3)*x(3)));
dx(1)=((x(2)-2*x(3)*r1)*r1*r2"3)/4,

dx(3)=((x(4)+2*x(1)*r1)*r1*r2~3)/4;
dX(2)=((((-x(4)*r1n2*r2"3)/12+x (1) *(x(2)"2+x(4)"2)*r2"3/4-
2*q*r1n2*r2"3*x(1)/(1+q)+4*r1nr3*r2/3*x(1)-2*x(1)*r2"3/(1+q)-
2*g*x(1)*r1n2*(r1-1)/(1+q))*r1*r2/3)/4-r172*(r273)*dx(3)/2+(x(2)/2-2*x(3)*r1)*
(X(Q)*dx(1)+x(3)*dx(3)))*r2"3+3*rL*r2*(x(2)/2-x(3)*r1)*((x(1)"3-x(1)+
X(1)*x(3)"2)*dx (1) +(X(3)"3+x(3)+x(1)"2*X(3))*dx(3));
dX(4)=((((x(2)*r1r2*r273)/2+x(3)*(x(2)"2+x(4)"2) *r2"3/4+
2*q*r1n2*r2"3*x(3)/(1+q)+4*r1nr3*r2/3*x(3)-2*x(3)*(r2"3)/(1+q)-
2*q*x(3)*r1n2*(r1+1)/(1+q))*r1*r2/3)/4+r1"2*r2°3*dx (1)/2+(x(4)/2+2*x (1)*r1)*
(X(L)*dx(1)+x(3)*dx(3)))*r2"3+3*r1*r2*(x(4)/2+x(1)*r1)*((x(1)"3-x(1)+
X(1)*x(3)"2)*dx (1) +(X(3)"3+x(3)+x(1)"2*X(3))*dx(3));

dx=dx";

function output=regucrstbp; %Save as regucrstbpl.m; Call: regucrstbpl
x0=[0.8127454260, 0, 0.2460795147, 0.8491821094];

tspan = [0:0.001:2*pi];

[t,x]=0de45('regucrstbp’,tspan,x0);
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